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1. INTRODUCTION 

An exceptional variety of phase transitions is characteristic of a liquid 
crystalline state.’ Quite often one encounters several different liquid 
crystalline phases appearing in an interval of only a few degrees 
(Figure 1). These transitions are usually the second order or weakly 
first order. Therefore they are accompanied by critical phenomena. 
Here “critical phenomena” is meant to denote those phenomena 
which are peculiar to the vicinity of second order transitions or critical 
points, i.e,, they exhibit a huge increase of susceptibility, an anomaly 
in the specific heat, large fluctuations of order parameter, etc. Critical 
phenomena in liquid crystals have specific features due to the variety 
of the symmetries of the different phases and coupling of the different 
order parameters. These features complicate theoretical considera- 
tions and restrict methods which are well proved in other cases (e.g. 
renormalization group method). Lack of a strict theory often leads 
the experimentalists to interpret the results of their investigations in 
terms of mean-field approximation only. From the experimental point , 

of view, the liquid crystal near a phase transition is a more “capn- 
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FIGURE 1 
smectic A (SmA) and smectic C (SmC). 

Phase diagram of 608-6016mixture. Phases: isotropic (I), nematic (N), 
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2 M. A. ANISIMOV 

cious” object than fluids in the vicinity of their critical points. All 
defects of solids are peculiar to liquid crystals: dislocations, quenched 
(“frozen”) impurities, and the practical inability to intermix the vis- 
cous phases. 

A correct fit and interpretation of the experimental data is also a 
difficult problem for liquid crystals. The temperature interval for 
fitting almost always appears to be nonasymptotic for various reasons. 
As a rule there is a crossover from one type of critical behaviour to 
another. The difficulties mentioned above sometimes lead to the 
result that even the order of the phase transition becomes subject to 
prolonged discussion. Nevertheless in recent years the experimental 
situation has been substantially clarified. High-resolution adiabatic 
calorimetry and accurate acoustic, light and X-rays scattering studies 
have succeeded in a coordination of the various physical properties 
near the following phase transitions: isotropic-nematic (NI), ne- 
matic-smectic A (NA), nematic-smectic C (NC) and smectic A- 
smectic C (AC). The exposition is devoted only to these transitions 
which are well studied experimentally. 

2. LANDAU-DE GENNES THEORY 

Identification of the order parameter is the key point in the descrip- 
tion of any phase transition. The traditional approach to liquid crystals’ 
consists in the introduction of the order parameters for the N, A and 
C phases independently. 

Nematic phase 

Nematics differ from isotropic liquids only by ordering (an average) 
of the long axes of anisotropic molecules (Figure 2). This is the least 
ordered of all liquid crystalline phases. If one considers molecules to 
be simple rods, the orientational order can be characterized by the 
scalar parameter 

where 8 is the angle between the molecular axes and the chosen 
direction. In the isotropic phase molecular orientations are chaotic, 
then (cos*B) = 1/3 and Q = 0. In the nematic phase (cos28) > 113 
and Q > 0. In reality the molecules of liquid crystals are not rods 
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3 CRITICAL PHENOMENA IN LIQUID CRYSTALS 

FIGURE 2 Some types of liquid crystalline ordering.I2 

but complex three-dimensional formations with more or less flexible 
fragments. They are not like pencils in a box, but rather packed like 
sardines. Therefore a more adequate a determination of the order 
parameter would not depend on the assumptions concerning the de- 
tails of the molecule form and flexibility. The macroscopic description 
of nematic ordering with the help of a tensor order parameter is 
generally accepted now. The anisotropic part of the magnetic or 
dielectric susceptibility tensor can be taken as an order parameter. 
In this case certain difficulties arise when trying to link the macro- 
scopic tensor properties of a liquid with the characteristics of a sep- 
arate molecule.' To simplify this connection one can consider the 
anisotropic molecules to be rigid in the first approximation. The unit 
vector n indicating the direction of the preferred orientation of the 
long molecular axes is called a director. The tensor order parameter 
can be expressed through the director components: 

where 6, = 1 at i = j and 6, = 0 at i # j ,  Q is the scalar determined 
by the expression (l), it characterizes the fraction of the orientated 
molecules. Q, is the symmetric second-rank traceless tensor. Its ma- 
trix has the form 

Q.. = 
Y 

- 1  -5Q 
- 0 

0 

0 

'5Q 1 "1 
0 Q 

(3) 

The simplest and well-known description of the thermodynamic 
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4 M. A. ANISIMOV 

behaviour in the vicinity of the NI transition is given by the Landau- 
de Gennes theory.I.2 This phenomenological theory corresponds to 
the mean-field approximation. Detailed discussions of the Landau- 
de Gennes theory of the NI transition can be found in many places 
(see e.g. Refs. 1 and 3). In this part the main predictions concerning 
the interpretation of some static properties will be recalled. The ex- 
pansion of the density of the free energy in powers of the tensor 
order parameter 

contains a cubic invariant as the states with Qij and -Qij are non- 
equivalent energetically. The free energy F is measured in p N I R T N 1  

units (~NI  and T N I  are the density and temperature at the NI transition 
point, R is a gas constant), then A, B, and C are dimensionless 
coefficients. The values of the numerical coefficients in Eq. (4) are 
chosen for the convenience in further calculations. By putting the 
expression (2) into the expansion (4) one can obtain the expansion 
of the free energy in the modulus of the order parameter: 

1 1 1 
F - Fo = - A Q 2  - -B@ + -CQ* + ... 

2 3 4 

The presence in Eq. (4) and ( 5 )  of the cubic term, which does not 
disappear at the NI transition point, leads to the fact that the NI 
transition appears to be a first order one. The smaller value of B the 
weaker first-order character of the transition. For a uniaxial phase 
Gth'the positive anisotropy (Q > 0) B > 0. The minimization of (5) 
yields the following solutions: 

(6) 
Q = O  (isotropic phase) 

Q = , , l +  ( 1 - -  "F)'"> (uniaxial nematic phase). 

In the expansion (5) 

A = a t  t = -  ( (7) D
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 5 

If B were absent, T* would be the mean-field second-order transition 
temperature. Since B > 0, T* is the (mean-field) absolute stability 
limit of the isotropic phase. It is of course different from the actual 
transition temperature, which is given by 

1 -  

T, = (1 - 2B2/9aC) (8) 

Similarly the order parameter at the transition point is 

At the absolute limit of stability of the isotropic phase (T = T*), 
the order parameter is 

B 
Q* = c  

If the expansion up to fourth order is valid, there is a universal 
ratio between the order parameter at TN, and T*: 

Note however that, if the first-order character is such that higher 
order terms in the expansion have to be kept, this ratio will no longer 
be universal. 
. The temperature of the absolute stability limit of the nematic phase 
is determined by the disappearance of the Q # 0 solution: 

Then 

B 
Q** = 2c 

Contrarily to Q*, Q** is not directly accessible in experiments. D
ow
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6 M. A. ANISIMOV 

FIGURE 3 
Order Parameter, b) Specific heat, c) Susceptibility. 

Predictions of the Landau-de Gennes theory for the NI transition: a) 

The temperature dependence of Q in the nematic phase is con- 
tained in (6)  more explicitly (see Figure 3a): 

Q = B[1 2c + (1 - F t ) m ]  

2c D
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7 CRITICAL PHENOMENA IN LIQUID CRYSTALS 

The specific heat excess in the nematic phase is 

Note the square root singularity, which is absent in the mean-field 
second order case (Figure 3b). The jump of the specific heat at TNI 
is 

2u2 
AC,, = R- 

C 

i.e.: it is four times larger than at a second order transition. Note 
that it does not depend on B. 

Similarly, the entropy, molar volume and enthalpy discontinuities 
(with obvious notations) are 

In the isotropic phase the Curie-Weiss law for the susceptibility 
should be valid (Figure 3c): 

8 F  T - T* 
aQ2 - x - l  = - - 

TNI 

In the nematic phase three different susceptibilities exist: the longi- 
tudinal susceptibility (if the field is parallel to the optical axes) 

XI' = A - 2BQ + 3Q2 

1R 
UB T** - T** - T 

+ 2 a  (19a) 
= C ( TNI ') TNI D
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8 M. A. ANISMOV 

the biaxial order susceptibility 

h-l = A + 2BQ + 3Q2 

- -  - 3B2 + 2u T** - T + 5B ( ; ) l a  r*;i ‘)IQ (19b) 
TNI C 

and the susceptibility which characterizes the director fluctuations 

(here z is the director axes, x and y are the directions of the field, 
L1 and L2 are the elastic constants, k, and k, are the components of 
the wave vector. One should note that the Curie-Weiss law is not 
valid for the longitudinal susceptibility, the biaxial susceptibility is a 
constant at T = T**, whereas both ~1~ and xyz diverge at k+ 0, i.e. 
they are always “critical”. 

All the known thermotropic nematics are uniaxial. Pokrovskii and 
Katz have shown that the uniaxiality of nematics is connected with 
the existence of the cubic invariant in the Landau-de Gennes expan- 
sion. Generally the phase diagram of the nematic liquid crystal with 
an isolated critical point is possible. In a such point B = 0. 

Vigman, Larkin and FilevS have shown that there should be the 
biaxial phase region near this point. The width of this region is de- 
termined by the sixth order term of the expansion (4). Moreover the 
transitions between the uniaxial and biaxial phases may be second 
order (Figure 4). The isolated critical point divides the uniaxial phases 
with the positive aqd negative anistropy (they are characterized by 
the opposite signs of the coefficients B). The similar phase diagram 
has been found in the liotropic nematin where the orientational 
ordering of the disk-like and the rod-like micelles may occur simul- 
taneously.6 In the thermotropic nematin the coefficient B slightly 
changes when pressure increases.’ Therefore it is unlikely to discover 
the isolated critical point on this way. Mixing discotic liquid crystals 
and ordinary nematics might be the only such possibility (predicted 
in Ref. 8). If they are soluble there is a hope to obtain a phase diagram 
similar to that represented in Figure 4. 

Nevertheless the biaxiality of molecules forming a uniaxial nematic 
can lead to the renormalization of the Landau-de Gennes expansion 
coefficients, effectively diminishing the value of B.9 Let us assume, 
for example, that the molecules are rectangular plates. The ordering 
in the direction normal to the plate is described by a uniaxial tensor 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 9 

A X 
Lc 

B 

FIGURE 4 Possible phase diagram of a liquid crystalline mixture: isotropic liquid 
(I), uniaxial nematic with a positive anisotropy (2) uniaxial nematic with a negative 
anisotropy (3). biaxial nematic (4). K is an isolated critical point, x is a concentration 
of the component B. 

R,. Then the expansion in powers of R, and the term accounting the 
coupling between Q,  and R, should be added to the expansion given 
by Eq. (4). The simplest form of the coupling term is 

A minimization of the free energy in order the parameter with account 
of Eq. (20) results in the following renormalization of the expansion 
(4) coefficientsg 

A3B * 
A*3 

B = B - -  

12B**X4 C*A4 c* = c - - + - 
A*5 A*4 

where A*, B* and C* are the coefficients of the free energy expansion 
in powers of Rip It is seen from Eq. (21) that account of the interaction 
between Q,  and R ,  leads to the decrease of B and the increase of 
T* since A* > 0 (biaxial ordering is not achieved). 
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10 M. A. ANISIMOV 

The influence of molecular flexibility may be another factor leading 
to the renormalization of the Landaude Gennes expansion coeffi- 
c i e n t ~ . ~  Let lo be the equilibrium value of a molecule of the length 1 
in the absence of any orientational order. Then the expansion given 
by Eq. (4) should be supplemented by the terms depending on I: 

3 aA 1 
2 4 a1 

2 

F - Fo = ... + - A*(?) + -- (1 - lo)QjjQ, (22) 

Transformation of Eq. (22) to the one-parameter potential depended 
on Q (see e.g. Ref. 10) leads to the renormalization of the coefficient 
at the fourth-order term: 

2 c=C--(-) 1 aA A* 
2 .a1 

This one can expect anomalously small coefficients at the fourth 
power of Q, for the molecules with very “soft” fragments. The effect 
of dependence of the orientational ordering on the transformations 
of the flexible chains of the anisotropic mesogenic molecules was 
observed by Averianov.” 

Smectic A phase 

Anisotropic molecules of mesogenic liquids are usually arranged in 
such a way that the rigid central nucleus is connected with one or 
two flexibile tails. Moreover the tail-tail and nucleus-nucleus in- 
teractions may appear to be essentially different than those of the 
tail-nucleus. Thus at the decrease of temperature the formation of 
such an ordering may appear to be more profitable energetically when 
the similar molecular fragments are more likely to be in the neigh- 
bourhood. The described situation corresponds to the partial (in one 
dimension) violation of the translational symmetry (see Figure 2). 

The formed smectic A phase differs from nematics by existence of 
a one-dimensional density wave along the director?): 

where po is the average density, k, = 27~11, 1 is the average distance 

t o n e  can say that the smectics A are one-dimensional solids but two dimensional 
fluids (see Ref. 12). 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 11 

, between smectic layers, and 

(here u(x,y,z) is the displacement of the layers away from their equi- 
librium position). It is natural to consider the complex function +(r) 
as the order parameter for a smectic A phase. The complex order 
parameter +(z) is equivalent to a two-component vector. The anal- 
ogous situation realizes in the superfluid helium4 where the order 
parameter is a wave function. This fact leads to the so-called “helium 
analogy” between NA transition and A-point in He4. Expansion of 
the free energy in powers of the smectic A order parameter modulus 
has the form 

T - TGA 
whereA = o . When C > 0, T;f,A = TNA. 

Since symmetry considerations requite that the, odd invariants in 
Eq. (25) are absent, the NA transition may be either second or first 
order. Specifically, the NA transition can become the first order due 
to the coupling between the smectic and nematic ordering.’.13 

The orientational order parameter can be written as 

Q = QN + SQ (26) 

-where QN is the order parameter in the nematic phase and SQ is the 
value which corresponds to the additional orientational ordering due 
to formation of the smectic layers. Then the free energy expansion 
is 

where TRA is the NA transition temperature in the absence of the 
coupling between IJJ and Q, A is the coupling constant. Transforming 
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12 M. A. ANISIMOV 

F(T,@,Q) to the one-parameter potential F(T,JI), we obtain the ex- 
pansion (25) with the renormalized coefficients: 

here 

Thus the coupling between JI and Q leads to the shift of the NA 
transition temperature and to the renormalization of the fourth-order 
term coefficient. If the NA and NI transitions are close enough to 
each other, the nematic susceptibility is large since x - A;' = 
(an(T - T*KNI)-'. Hence the sign of the coefficient C can invert. 
When C = 0 a tricritical point appears and when C < 0 the NA 
transition becomes a first-order one. For a tricritical point there are 
peculiar dependences of the order parameter and specific heat on 
temperature. The minimization of Eq. (25) yields in the ordered phase 
a t C  = 0 

where Ttw is the tricritical temperature. 

the specific heat: 
Putting Eq. (31) into Eq. (25) and differentiating twice we obtain 

where t = (T - Tq)Rq, i.e. Cp of the ordered phase has a square 
root D
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 13 

singularity at the tricritical point. If C is small and positive 

(33) 

The temperature of the specific heat singularity To one can obtain 
from the condition 

1 - C2 - aEt = 0 
4 

Then 

Obviously To is only the parameter of extrapolation. Equilibrium 
conditions 

F - F, = 0 and dF/d+ = 0 

lead to the following value of the order parameter at T = TNA when 
C is small and negative: 

v2 
3 c  

14J1 = ( - E )  (35) 

The first order NA transition line equation can be obtained by putting 
Eq. (35) to Eq. (25) with account of the condition F - Fo = 0: 

Hence the shift between the NA first order transition temperature 
and the temperature of a nematic phase absolute stability limit is 
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14 M. A. ANISIMOV 

and the shift between TNA and T** is 

Putting Eq. (36) to Eq. (33) we obtain the jump of the smectic A 
phase specific heat at T = TNA 

a2 

C c, = - (39) 

which is twice more than the specific heat jump at the second-order 
transition line. At last the latent heat of the transition is given by the 
following expression: 

Smectic C Phase 

A further decrease in temperature can lead to the next less symmetric 
smectic C phase. In this case the uniaxial symmetry is broken, which 
physically corresponds to the appearance of a tilt in the molecular 
axes with respect to the density wave direction (Figure 2). De Gennes' 
proposed to describe smectics C by the complex order parameter 

= e@ (41) 

where 9 is the angle of the molecular slope with respect to the director, 
0 is the azimuth. This order parameter is equivalent to a two-com- 
ponent vector, i.e. the helium analogy might be also expected for the 
AC transition. As in the case of the NA transition, it can be either 
second or first order. 

Mean-field models for coupled order parameters 

The more consistent consideration of the AC transition should take 
into account the coupling between different order parameters. There 
are several mean-field models which describe uniformly the N, A and 
C phases. Chu and McMillan14 took into account coupling between 
smectic A and C order parameters in the form l+120z in the expansion 
of the thermodynamic potential in powers of + and 8 .  In the phase 
diagram a triple NAC point may appear at which the lines of the 
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15 CRITICAL PHENOMENA IN LIQUID CRYSTALS 

NA, AC and NC transitions converge, all of them being of the second 
order. Pikin and Idenbom15 proposed an order parameter with mod- 
ulus equal to S = OlJll, which takes into account the fact that the 
angle 8 is inevitably equal to zero in the absence of smectic ordering. 
Then the expansion of the free energy has the form 

~4 (42) 
+ -AZ8’l$l2 1 + -C2O4l$l* 1 - 1 

2 4 

where the last item describes the coupling between l$l and S = 8141. 
A positive sign for the coupling constant A means that the density 
wave amplitude increases in the C phase. If the critical temperatures 
T, and T, of the NA and AC transitions depend on any external 
parameter (e.g. pressure), a NAC point appears when T, = T2. Both 
of the AC and NC transitions may either be of the first or of the 
second order near the NAC point. Under certain correlations of the 
expansion (42) constants a coincidence of the NAC point with the 
tricritical one is also possible. 

Gorodetskii and Podnek16 constructed a model which can give a 
unified description of the main types of liquid crystalline phases and 
the transitions between them. Their starting point was the fact that 
in liquid crystals generally there are two independent directions: one 
of them determines the orientational order of the nematic type and 
another gives the orientation of the smectic layers. The existence of 
these two directions means that a liquid crystal should be described 
by two order tensors, one of which is responsible for the formation 
of the nematic phase, the other for the smectic phases. The two tensor 
order parameters can be introduced either phenomenologically , or 
by separating the long-wave (nematic) and short-wave (smectic) com- 
ponents of a single tensor. One should note that in the Gorodetskii 
and Podnek model the appearance and the behaviour of the angle 8 
in the smectic C phase are completely determined by the value of the 
nematic order parameter. In the smectic phase, starting from the line 
Q = Q,, there is a nonzero mean angle 8, determined in the C phase 
by the equation 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
45

 1
9 

Fe
br

ua
ry

 2
01

3 



16 M. A. ANISIMOV 

The maximum value of 8 is limited by arcsin - = 55”. Line Q = 

Q, is a curve of AC second-order transitions. But, according to this 
model the AC transition free energy has no independent term pro- 
portional to 82, i.e. 8 is not a separate order parameter. Thus the 
angle 8 could appear from a finite value at the NC transition line 
even the transition would be a second-order. The modeP describes 
naturally so-called re-entrant behaviour” (see Figures 5 and 6) which 
is determined by competition between orientation and smectic or- 
dering. The calculations in Ref. 16 show that the disposition (“slope”) 
of the “re-entrant parabola” strongly depends on the slope of the NI 
transition line. 

Chen and Lubenskym as early as in 1976 proposed a model which 
is essential for understanding the nature of smectic phases. In this 
case, a single order parameter describing the modulation of the den- 
sity was used. However, for the C phase there was additional mod- 
ulation in a direction perpendicular to the director. This additional 
modulation is mathematically related to the change in the sign of the 

J: 

1 , x - ,  I 
0 0.1 0.2 0.3 0.4 0 

FIGURE 5 
80CB). 

Phase diagram of 60CB-80CB mixtue.’z.’8 X is the weight ratio (6OCB/ 
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- 
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TEMPERATURE ('C) 

FIGURE 6 Phase diagram of 8 O C B . I 9  The dashed lines indicate the C,-studied iso- 
bars, crosses indicate the equilibrium melting point of the solid state, i.e. the re-entrant 
point is located in a metastable region. 

coefficient in front of VZ, in the smectic free energy expansion, which 
has the form 

where symbols 11 and I are related with the direction along the 
director and perpendicular to it. The term ik&n takes into account 
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18 M. A. ANISIMOV 

so-called gauge invariance, i.e. the invariance of the system under a 
simultaneous rotation of the director and the direction of modulation 
of the density. Two correlation lengths can be determined with the 
help of Eq. (44): 

The point where the coefficient in front of VZ, becomes equal to 
zero is known as a Lifshitz critical point.21 Hence the multicritical 
NAC should be a Lifshitz point. 

Accounting the gradient-dependent items in the free energy ex- 
pansion means accounting the fluctuations of the order parameter in 
the first approximation. It means that many peculiarities of the liquid 
crystal behaviour can not be explained without consideration of fluc- 
tuations. 

3. BASIC RESULTS OF THE FLUCTUATION THEORY 

Nematic Fluctuations 

The characteristic feature of practically all known thermotropic ne- 
matics is the weakness of the first-order character of the NI transition. 
This weakness can be characterized numerically by the parameter 

- B2 T N I  - T* 
A =  ‘p 

In most liquid crystals that have been studied, the parameter A = 
loF2 - i.e. A << 1. But in any mean-field theory with a single 
interaction constant, the order of magnitude of A should be = 1. 
Therefore the weakness of the NI transition can not be accidental. 
In Section 2 it was shown that an account of molecular biaxiality even 
within the framework of the Landau-de Gennes theory may result in 
the effective diminition of the coefficient B and, consequently, to the 
weakness of the NI transition. However an account of fluctuations 
may force one to revise the situation in general. For example, the 
fluctuations of the nematic order parameter may be quite probable 
and universal reason of the smallness of the constant B. Inthe nematic 
phase the director fluctuations are “critical”. Nelson and Pelcovits” 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 19 

pointed out that strongly developed director fluctuations could alter 
the character of the NI transition and make it a very weak first order 
(see also Ref. 23). On the other hand the weakness of the NI transition 
results in the large fluctuations of the order parameter modulus. 
Unfortunately methods of the fluctuation theory (such as renormal- 
ization-group method) can be applied consistently only to the pure 
second-order transitions. 

Vigman, Larkin and Fde9 applied the renormalization-group method 
to the description of the fluctuation behaviour near the isolated crit- 
ical point on the NI transition line. In this point (see Figure 4) the 
cubic invariant in the effective Hamiltonian is equal to zero. The 
values of the critical exponents were calculated by the €-expansion 
(E = 4 - d ,  d is a dimension of space) for the five-component order 
parameter.? In the linear approximation 

1 7  7 1 1 6  
2 52 26 26 ' 2 52 

v = - + - ~ , y  = 1 + -€,a = - E  p = - - - E  (45) 

where Y is the critical exponent of the correlation length 6 - (T - 
Tc)-", y is the critical exponent of the susceptibility x - (T - Tc)-', 
a is the critical exponent of the specific heat C,, - (T - TC)-" and 
p is the critical exponent of the order parameter Q - (T -Tc)B. In 
three dimensions E = 1 and v = 0.64, y = 1.27, a = 0.04, p = 0.38. 
Though the real NI transitions are close to second-order ones, the 
behaviour of the thermodynamic values here is too far from the 
predictions of the fluctuation theory. Gorodetskii and ZaprudskiP 
as well as Korzhenevskii and Shalae~,~ '  investigating the systems with 
the effective Hamiltonian contained a cubic invariant, have found an 
additional fured point of the renormalization-group equations besides 
the isolated critical one. This point corresponds to the second-order 
transition despite the fact that a cubic invariant exists in the initial 
Hamiltonian. Unfortunately such a point as well as the isolated one 
is not found in the thermotropic nematics. The character of the an- 
omalies theoretically predicted in Refs. 26 and 27 (e.g. y = 1-6), is 
also far from the experimental results for the NI transition (see the 
next Sections). 

The absence of the susceptibility divergence at the NI transition 
point allows us to expect the possibility of using the Gaussian ap- 
proximation, i.e. the approximation of weakly interacted fluctuations. 

*See the general view and details in Refs. 24 and 25. 
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20 M. A. ANISIMOV 

In this case the account of the orientational fluctuations in the iso- 
tropic phase is reduced to the addition of gradientdependent terms 
to the expansion (4): 

where L, and & are the elastic constants of the isotropic phase. In 
a single correlation length approximation 

where 50 = ( L / U ) ' ~  is a bare correlation length, L = L,, L2 = 0. 
The corresponding fluctuation addition to the specific heat has the 
form 

where n is the number of independently fluctuating modes, vo is the 
molecular volume. In the single correlation length approximation 
n = 5 (in the isotropic phase) and n = 1 (in the nematic phase). 
Comparing the fluctuation part of the specific heat with its second- 
order transition jump azDC one can find the Ginzburg criterion for 
the mean-field region: 

2 

t > > G i = -  (49) 

For the NI transition n = 5 and usually yo = 2. If one were to assume 

that a = C = 1 , one would expect a violation of the Ginzburg criterion 
even far from the transition point, since Gi = 0.2 and A << Gi. 
However as experiment shows (see the next sections), the coefficient 
C usually appears to be anomalously small C = 0.1, i.e. it is in fact 
as small as B!. Hence the true value of the Ginzburg number is 2.10-3 
and the critical regime is not accessible. 

The estimations made above may be invalid since the existence of 
the cubic term in expansion (4) was not taken into account. If one 

G 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 21 

compares the fluctuations in the correlation volume v, = E3 at 
T = TNI 

where A = 2Bz/9aC (Eq. 8), and the value of the order parameter at 
T = TNI (Eq. 9), one can obtain the following condition for the mean- 
field region: 

Using the experimental values of the constants for MBBA (see Sec- 
tion 4): C = 0.1, B = 0.06, a = 1.4, vdg = 2, one can make sure 
that the inequality (51) is not satisfied at T = TM. Hence in the 
immediate vicinity of the NI transition point the mean-field approach 
may fail due to the weak first-order character of the NI transition. 

Fan and Stephena showed that the account of the fluctuations of 
the nematic order parameter modulus in Gaussian approximation 
renormalized the susceptibility of the isotropic phase: 

7 BZ c - ~  - (.)($) (52) 

Comparing the first and the second terms in Eq. (52) one can obtain 
the Ginzburg criterion (49) within the accuracy of a numerical coef- 
ficient. Evaluation of the contribution of the thud item gives another 
Ginzburg criterion which connected with the cubic term in the Lan- 
dau-de Gennes expansion. In the last case the mean-field region is 

y3 

t >> Gi = (g) (2) (53) 

If one replaces t in  this criterion by A = 2B2/9aC, the inequality (51) 
can be easily obtained within the accuracy of a numerical coefficient 
which does not differ much from 1. Thus the existence of the cubic 
invariant may appear to be the dominant reason for the possible 
failure of the mean-field description is the vicinity of the NI transition. D
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22 M. A. ANISIMOV 

One should note that the coefficient B is also renormalized by the 
nematic fluctuations, the corresponding correction being always neg- 
a t i ~ e . ~  Priestm showed that the coupling between uniaxial and biaxial 
fluctuations in the isotropic phase leads to the diminution of B as 
well. One can note that in the nematic phase biaxial fluctuations play 
a minor role since x b  does not diverge at T = T**. Nevertheless 
biaxial fluctuations can make a noticeable contribution to the physical 
values at the length 

This estimation shows that the characteristic length becomes mac- 
roscopic only at B = 0. At the real values of B = C = 0.1 and 
L = u@ 2: 5.10-19m2, I == 10-9m which corresponds to hyperacoustic 
wavelengths. 

The consistent investigation of the nematic fluctuations in the isotropic 
phase by the perturbation theory method in the Gaussian approxi- 
mation was camed out in Ref. 30. Contribution of the one and two- 
loop diagrams was taken into account. Two-loop diagrams were cal- 
culated with logarithmic accuracy. 

The following expressions for the susceptibility and specific heat 
in the isotropic phase were obtained: 

4 sc, = - t - ' R  1 + -y&-= + - y'B 1 - 3  + - 16ITg 5Rv0 I : 5 & 
3 

50 
+ - y a y p  + 

where yc, y,, y,, are the combinations of the expansions (4) and 
(46) coefficients with account of the fifth and sixth order terms. One 
can see that the temperature dependence of the susceptibility has 
some deviations from the Curie-Weiss law and the specific heat from 
the square root divergence (compare with formulas (48) and (52). As 
shown below, the approach proposed in Ref. 30 allows one to adjust 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 23 

the pretransitional behaviour in the isotropic phase, where only the 
contribution of fluctuations takes place. In the nematic phase the 
temperature dependence of the order parameter plays the substantial 
role. 

Smectlc fluctuations 

The modern fluctuation theory of the NA transition starts from the 
“helium analogy”‘ between Hamiltonians describing this transition 
and the superfluid - normal fluid (or superconductor - normal 
metal) one. The effective Hamiltonian of a smectic A with account 
of the contribution from the energy of deformation of the director, 
the so-called Frank elastic energy, has the form= 

1 

where 

K3 = K3(LlI/LL)- ln7 

f = (T - ToNA)/TNA, FNA2 the NA transition temperature in mean- 
field approximation, K,, K2 and x3 are the bare values of Frank 
moduli (i.e. , if neglecting fluctuations of the smectic order parame- 
ter). In Eq. (56) the start-up anisotropy of the correlation lengths 
was eliminated with the help of scale transformation. 

The Hamiltonian for the superconductor-normal metal transition 
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24 M. A. ANISIMOV 

would coincide exactly with the NA transition Hamiltonian (56) if 
Kl = 0 and Kz = K3. This is not true in general for liquid crystals. 
There is also another very important difference between smectic one- 
dimension crystallization and superconductivity. According to Lan- 
dau and Peierls theorem: true long-range order cannot in general 
exist in smectics. This is related with the fact that in any three- 
dimensional system with a onedimensional modulation of density, 
fluctuations of the displacements (“phase” of the complex order pa- 
rameter) diverge. Dunn and Lubensky31 proposed an artificial tech- 
nique involving the introduction of a special so-called superconduct- 
ing gauge which allows one to related the smectic problem to 
superconductivity. Thermodynamic characteristics such as the specific 
heat do not depend on the gauge, i.e., they can be calculated in any 
convenient gauge. On the other hand, some important quantities (e.g. 
the correlation function) depend explicitly on the gauge. Therefore 
there is no assurance that the theoretical values of the critical ex- 
ponents are really true.? Moreover universality class depends on the 
bare values of elastic moduli.31 One can only expect definitely that 
the scaling relations between critical exponents must be satisfied: 

2 - a = vII + (d - l)v,  (57) 

where ull and v L  are the longitudinal (along the director) and trans- 
verse correlation length exponents = ~ l l ~ ~ - u ~ ~  and = 
bLIA-ul), qll and qL are the longitudinal and transverse correlation 
function exponents (GII(r) - and G,(r) - rl-ql). The rela- 
-tions (57) and (58) may be called anisotropic scaling. Incidentally it 
is quite possible that in the very NA transition point the situation 
becomes isotropic (vII = v,). Nelson and Tone?’ proposed a model 
in which the smectic A phase changes to nematic through a prolif- 
eration of defects in the layer structure (topological melting). In this 
case vII = (5 - d)u, (at d = 3, vII  = Z U , ) . ~ ~  The renormalization 
group equation for K1 has the following fixed points: Kr = 
0, K: = 03 and 0 < Kr < 03. In the first case there is a supercon- 
ducting analogy, in the second there is anisotropic scaling with the 
nonuniversal relation vII > vL, and in the third we always have 
YII = (5 4 V L .  

?Critical exponents should be calculated in this case for the fwo-component order 
parameter (see Refs. 24 and 25). 
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25 CRITICAL PHENOMENA IN LIQUID CRYSTALS 

The situation near the NA transition is complicated even more by 
the possible “breakdown” of the continuous NA transition to the 
first-order one due to the nematic direction fluctuations (Halperin- 
Lubensky-Ma effect).” However the coefficient in front of the cubic 
term which appears due to the HLM effect, is probably, very small. 
So from the experimental view point the NA transition may seem to 
be second order. 

S m c  fluctuations near special points of a phase diagram 

We have seen that the theoretical situation around the NA transition 
is very complicated. Indeed, Lubensky3’ had a reason for calling the 
NA transition problem one of the most intriguing. Therefore the 
adequate interpretation of the experiment becomes so important. 
From the very beginning it is necessary to extract the effects related 
to the special points on a phase diagram which appear due to the 
order parameter coupling. These effects appear to be more rough in 
comparison with thin differences of versions of the fluctuation theory. 
Hence their consideration should precede any detailed analysis of 
experiments. The smectic fluctuations in Ornstein-Zernike (Gaus- 
sian) approximation near the triple NAI, multicritical NAC, tricritical 
and reentrant NA points were considered in Refs. 36 and 37 on the 
basis of the model proposed in Ref. 16. 

The main result for the isotropic phaseM is the renormalization of 
the nematic suseptibility and the nematic bare correlation length by 
smectic fluctuations. The perturbation theory givesM 

where 
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26 M. A. ANISIMOV 

T& and TL are the bare (in absence of the coupling between posi- 
tional and orientational ordering) absolute stability limits of the is- 
otropic phase for NI and AI transitions correspondingly, B, and 
C, are proportional to the coupling constants A and y in the free 
energy expansion 

(FN and F, are the bare nematic and smectic free energies). The result 
given by Eq. (59) was also obtained independently by Prost and his 
coworkers.= 

One can note that qualitatively the character of deviations from 
the Curie-Weiss law caused by smectic fluctuations is similar to those 
connected with taking into account nematic fluctuations (see Eqs. 52 
and 54). So the separation of these effects can not be a simple question 
while fitting the experimental data. However, one should note that 
the powers - 1/2 and -3/2 are fundamentally different from those 
in Eq. 52, which in fact under the same circumstances +1/2 and 
-1/2 respectively. As a result smectic fluctuation are more “dan- 
gerous” for the Curie-Weiss law. Furthermore, the smectic fluctua- 
tion corrections depend on the width of the nematic range: the closer 
NAI point (i-e., the smaller A,,) the large deviations. Near the NAI 
point A,, changes its sign. It means that without the coupling the 
positional ordering would precede the nematic ordering. But in any 
case (t + A,,) remains positive at the transition point because the 
smaller A,, the large “first-order power” of the transition. 

Besides the effect mentioned above, the smectic fluctuations make 
an additional contribution to the specific heat of the isotropic phase:39 

SC, - ( t  + A(J-3n (63) 

This result is closely related to the general consideration made by 
Brazovskii.40 He has shown that if a density wave is established with 
an infinite number of possible characteristic wavevectors, there is a 
divergent contribution to the entropy. Hence such transitions should 
be always first order. This effect should exist in the isotropic phase 
of cholesterics due to the fluctuations of cholesteric ordering and in 
the nematic phase of smectics C due to azimuthal symmetry of the 
smectic C-phase. Therefore the NC transition is always first o r d e P  
even though the mean-field approximation, which neglects fluctua- 
tions, predicts second-order behaviour. 

The NA second-order transition line is determined by the equation 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 27 

A, = 0, where A, is the inverse susceptibility of the smectic A. At 
the re-entrant point 

(%jNA = O 

and AA - lf127, = blllf1-2v, i.e., doubling of the critical exponent 
should be observed. At the same time the specific heat anomaly 
vanishes at the re-entrant point. In the mean-field approximation the 

C, jump (g) vanishes because a = 0 at the re-entrant point, in the 

fluctuation theory the C, critical amplitude vanishes because the ef- 
fective value of the bare longitudinal correlation length tends to in- 
finity. Indeed, if the correlation length is represented in the form 

then the effective value of the bare correlation length 

will depend on the proximity of the re-entrant point. As a result, in 
the vicinity of the re-entrant point all measured critical exponents 
should be “effective” (dependent on the width of the nematic range). 

According to Ref. 37 at the line Q = Q, (see previous section) 
the character of the smectic fluctuations in the nematic phase changes. 
At Q 2 Q, the mean angle 8 appears in the smectic fluctuation 
clusters. The equilibrium angle 8 is determined by Eq. (43). The 
A-type fluctuation regime is replaced by that of the C-type. The line 
Q - Q, (A-C crossover line) should be parallel to the NI transition 
line, being the line of the constant value of the nematic order pa- 
rameter. The value of the transverse bare correlation length also 
depends on the nematic ordering: 

bL G1lQc - QI’” 
At the line Q = Q, b1 = 0. The point of the intersection of this 
line and the NC transition line should be the Lifshitz point. Hence 
in the vicinity of the NAC point the relation [ l r l ( l  should strongly 
depend on temperature. 

Analysis of the “rough” effect should precede the discussion about 
more delicate phenomenon, such as possible anisotropy of the cor- 
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28 M. A. ANISIMOV 

relation length exponents uII and uI. In the region of the A-C cross- 
over the specific heat is not described by a simple power law, and 
only in the immediate vicinity of the NC transition point it comes out 
to the following asymptotics: 

Comparing the fluctuation part of the specific heat with the mean- 
field jump 

a2 (aAAldt)2 
2c 2c 

AC, = - = 

one can obtain the Ginzburg criterion for the smectic fluctuations in 
the nematic phase: 

It is seen from Eq. (69) that the mean-field range (t >> Gi) increases 
while approaching the tricritical point (C = 0) and decreases while 
approaching the NAC point (50, = 0) if the later is not a tricritical 
at the same time. 

4. STATICS NEAR NI TRANSITIONS 

-Order parameter 

The temperature dependence of the order parameter in the nematic 
phase could provide a first test for the validity of the Landau-be 
Gennes theory. In this case, the measured quantity is some macro- 
scopic property of a material which characterizes anisotropy of the 
nematic phase. If one identifies the order parameter with the ani- 
sotropic part of the magnetic susceptibility tensor, it is 

where Q, is a normalizing constant. The susceptibility x is determined D
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29 CFUTICAL PHENOMENA IN LIQUID CRYSTALS 

from the correlation between the magnetization M and the magnetic 
field h: 

(71) M. = x..h.  
I 11 I 

In the isotropic liquid xij = x6, and all the components Q, vanish. 
In the uniaxial nematic, choosing the axes in such a way that the 
matrix QV becomes diagonal, we have 

Qij = Qo 

0 
2 

0 $XI1 - XI: 

In the model of rigid rods42 there is a simple connection between 
the macroscopic anisotropy and the scalar order parameter Q which 
is determined by Eq. (1): 

(73) 
N 

X I I  - X I  = V(*II - a d Q  

where all - a, is the macroscopic anisotropy of the response of a 
molecule to the magnetic field, N is a number of molecules. Aniso- 
tropy of the dielectric susceptibility or refractive index could just as 
well be chosen. Optical measurements are very precise. However the 
difficulties arising at the attempt to correlate the macroscopic ani- 
sotropy with the microscopic characteristics, appear to be more es- 
sential in this case: electric molecular interactions can not consider 
to be weak unlike the magnetic ones. Essential assumptions should 
be made while extracting the parameter Q from the NMR spectrum.43 
Therefore one should interpret the temperature dependence of the 
measured order parameter with a definite cautiousness: it is not a 
best test for the validity of any theory. 

The usual values of Q at the NI transition temperature lie between 
0.3 and 0.5."*45 The uncertainty of QNI is usually large, due to the 
difficulty to extrapolate the data to the transition temperature and 
to the. dependence of the result upon the technique used (Figure 7). 
Noticeably, the value of QNI deduced from the birefringence of the D
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M. A. ANISIMOV 

t t Q  

I 

-Lo -30 -20 -10 

FIGURE 7 Nematic order parameter in PAA (a) and PAP (b)u determined by 
different methods: squares are proton-proton splitting, circles are paracarbon-13 
chemical shift, crosses are magnetic susceptibility. 

sample can vary by up to a factor of 2 according to the chosen model 
for the local electric field.44 Anyway the large gap Q at the transition 
means (see Eq. 9) that the coefficients B and C are of the same order 
of magnitude, in other words, that both B and C are small. 

Fitting formula (14) to the experimental temperature dependences 
of Q is made difficult by the fact that Q vanes only weakly (-50%) 
within the nematic phase, a restriction which is the direct consequence 
of the large value of QN,. The more general form 

Q = Q** + k(T** - T)B , (74) 

(with Q**, T**, k and p as adjustable parameters) can be successfully 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 31 

fitted to the experimental Unfortunately there is a large 
variety in the values of the effective exponent p though the most data 
are closer to the tricritical value = 114 then to the ordinary mean- 
field value p = 1/2 (see Ref. 49). 

A more stringent test of the Landau-de Gennes model is to compare 
the values of Q at TN, and that at T*. In any case the difference 
Q*-Qm is found of the order of a few percent instead of 50% as 
predicted by Eqs. (9) and (10). This fact as well as the tncritical 
values of the effective exponent p in (74), obtained in many cases, 
can be easily explained by the smallness of the coefficient C (C - B 
<< 1). If C is small the fifth and sixth-order terms in the expansion 
( 5 )  must be taken into account. Thus the observable behaviour of 
Q(T) is somewhat similar to the tricritical one. 

Susceptibility 

Measurements of the susceptibility x are usually performed in the 
isotropic phase, where the Curie-Weiss law behaviour (18) is expected 
from the Landaude Gennes theory. As pointed out by Lin Leiso the 
behaviour in the nematic phase is definitely less simple (no power 
law) due to the temperature dependence of the order parameter. 

x is the response of the medium to an external constraint which 
can be a magnetic field (Cotton-Mouton effect), an electrical field 
(Ken effect) or an electrical field gradient (flexoelectrical coupling). 
As a consequence of the fluctuation-dissipation theorem: x can be 
obtained equivalently from the fluctuations of the anisotropy of the 
system. 

Light scattering connected with the fluctuations of molecular ori- 
entation (fluctuations of anisotropy) appeared to be the most natural 
and reliable way for studying the susceptibility of the isotropic 
phase.30*51-55 Light scattering intensity in the isotropic phase of ne- 
matics increases very much while approaching the NI transition point, 
resembling the critical opalescence in fluids. When approaching the 
NI transition temperature, the correlation length 5 increases as near 
critical points of fluids, though it scarcely reaches 100-120A at T = 
TNI because of the first-order of the transition (Figure 8). Therefore 
the measurements of 5 in MBBA52*s3 using the “paltry” asymmetry 
of scattering diagram were a great experimental achievement. The 
temperature dependence of the measured correlation length agrees 
with mean-field dependence 

- 1n T - T* D
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FIGURE 8 Temperature dependence of the correlation length in the isotropic phase 
of MBBA.s3 Upper curve represents data of Ref. 52 with the straight line denoting 
5 = (6.8 f l.O)r-O.’A. Lower curve is Ref. 53’s data with 5 = (5.5 f 0.2)1--0.5A. 
Points of different forms correspond to different polarizations of the scattered light. 

with &, = 6 -C 1A. However the temperature dependence of 6 in 
Ref. 52 and 53 might be determined in the narrow an interval of 
(T - T*) and the value of the extrapolation parameter T* differs 
from that obtained from the temperature dependence of the scattering 
intensity. 

Detailed analysis of the most accurate susceptibility measure- 
m e n t ~ , ~ * ~ ~ - ~  performed by various methods shows in all cases that 

-in the vicinity of TNI the Curie-Weiss law is violated (Figures 9 and 
10). The observable effects exceed any possible systematic errors, 
e.g. multiple scattering. Extrapolation value of a temperature diver- 
gence of the susceptibility (T*) strongly depends on the temperature 
interval and, therefore, it changes depending on the view-point of 
the interpretor. Thus for 8CB many different values of T N I  - T* 
were obtained: from 9.6 K5’ to 1.9 K%. Curvature of the temperature 
dependence of the inverse susceptibility may be described by For- 
mulas (52) and (54). One can see that the main fluctuation correction, 
connected with the cubic term in the free energy expansion (4), is 
always negative. 

The additional circumstances complicating interpretation of devia- 
tions from the Curie-Weiss law is the dependence of the value and 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 33 

FIGURE 9 Temperature dependence of the inverse light-scattering intensity in the 
isotropic phase of MBBA (the angle of scattering is 21.4")." 

J 

FIGURE 10 Temperature dependence of the inverse light-scattering intensity in the 
isotropic phase of BMOAB (the angle of scattering is W)." 
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34 M. A. ANISIMOV 

the character of these deviations on the width of the nematic range 
(Figure 11). This effect can be connected with the coupling between 
orientational and translational ordering and will be discussed in Sec- 
tion 5 .  

Specific heat anomaly 

The results of the early i n v e s t i g a t i ~ n ~ ~ - ~ ~  of the heat capacity anomaly 
near the NI transition were so contradictory that sometimes they did 
not allow even a qualitative interpretation. It is well known now that 
the widely used technique of differential scanning calorimetry (DSC), 
being nonequilibrium, fails to separate correctly pretransitional ef- 
fects in the anomaly of the heat capacity from a diffuse &function 
which is related to the latent heat. 

During recent years more accurate (and much closer to equilibrium) 
adiabatic calorimetry experiments in the vicinity of the NI transition 
were carried 0ut63-65 and the situation has become clearer. The results 
of the specific heat measurements of MBBA, BMOAB and MBBA 
+ 3 molar % n-decane are shown in Figure 12. On Figure 13 the 

FIGURE 11 Temperature deEndence of the inverse light-scattering intensity in the 
isotropic ph-m of 60% &J16/&N02 mixture near the NAI triple point, and that in 
the pure -NO2 which has only A1 transition.” 
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FIGURE 12 Specific heat in the vicinity of the NI transition? BMOAB (filled 
diamonds), MBBA (crosses) and MBBA + 3% n-decane (dots). 

same results in the immediate vicinity of the transition point are 
represented. 

These results can be understood taking into account the presence 
of not more than 1% impurities in the pure specimen. The character 
of the specific heat anomaly distortion in the impure specimen de- 
pends substantially on whether the impurities are in thermodynamical 
equilibrium or not. In absolutely pure and uniform specimens, a 6- 
function in the specific heat corresponds to a first order .transition 
point. The presence of a small amount of impurities in equilibrium 
converts the 3-function into a narrow trapezoid, its width depending 
on the concentration of impurities. The area of this trapezoid defines 
the latent heat of transition, which was calculated to be AWRTNI = 
0.102 ? 0.001 for MBBA and 0.110 ? 0.001 for BMOAB. Non- 
uniformly distributed out of equilibrium impurities distort the 3-func- 
tion in another way. Each small section of the speciment has its own 
beginning and end of the transition depending on impurity concen- 
tration: the 8-function is smeared out. The results may be reprodu- 
cible if the relaxation time of the inhomogeneity is much larger than 
the duration of a measurement. For instance the value of the NI 
latent heat obtained by the DSC methods9 was twice the correct one. 

The results of the measurements outside of the coexistence region 
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36 M. A .  ANISIMOV 

1 I 1 I I  I I I 

- 1  0 1 

... .. - + 
T -  TNI 

FIGURE 13 Specific heat in the immediate vicinity of the NI transition. Notations 
are the same as in Figure 12. Solid curve represents smearing of delta-function of C,, 
which was virtually observed in Ref. 60. 

were fitted with the form 

and by the crossover formula: 

CJR = ( T I T * ) ( B ~ I ~ ~ ~  + Bzlfla)-' + B3 + B,r + B5tZ (76) 

Both yield adequate fitting. The effective exponent aeff strongly 
depends on the range of fitting and has the value 0.3-04 for both 
substances in the nematic phase. Fixing aefI to the mean-field value 
0.5 leads to an inadequate fitting. 

In the isotropic phase because of the smallness of the anomaly the 
result of fitting strongly depends on whether the A3r2 term is included 
or not. When it is included one may obtain the adequacy at least for 
BMOAB, while fixing acff = 0.5 but the value T - T* appears to 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 37 

be only 0.13"C. The crossover Formula (76) also gives good fitting 
of the heat capacity in the nematic as well as in the isotropic phase 
if a is fixed, for example, to the value of 0.1. But the term B , P  
plays a dominant role. As in the previous case the adjusted value of 
T - T* is too small and in contradiction with the susceptibility meas- 
urements. One can see that the heat capacity behaviour is not simple 
and the obtained values of the critical exponents must probably are 
effective. Nevertheless if one tries to describe the nematic pretran- 
sitional behaviour using expansion (5) one could come to the value 
of the parameters similar for MBBA as well as for BMOAB presented 
in Table I. 

In addition to the anomalously small value of T - T* obtained 
from the heat capacity measurements there is an even more important 
difference between the experiment and the calculations. There is no 
jump in the background part of the heat capacity while the theory 
[in the framework of expansion (5)]  predicts a jump (u2/2C) = 10R. 
The real absolute jump in the heat capacity C; - Ci = 20R arises 
from the anomalous part of the heat capacity but according to the 
Formulas (15) and (16) it should be twice more. The agreement 
between the calculations and experiment can be improved taking into 
account the fifth- and sixth-order terms in the Landau-de Gennes 
expansion: 

1 1 1 F - F  - - a t Q 2 - - B Q 3 + - C Q "  
O - 2  3 4 

1 1 1 
5 6 2 

- -DQ5 + -E@ + -L(VQ)* (77) 

This is understandable because the fourth-order coefficient C appears 
to be almost as small as the third-order coefficient B (see Table I). 

TABLE I 

The NI parameters of the Landau-de Gennes theory for MBBA 

B C  TNI - T* T** - TNI '% 
QNI ~ T N I  (K) (K) (Q.." = 0.5) a 

1-2 

0.13 
Experiment 0.4 0.1 (susceptibility) 0.24 0.68 

(heat capacity) 
Calculations 1.9 0.24 0.8 1.4 0.06 0.1 

Using the Formulas (8,9,12,15,16,17) 
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38 M. A. ANISIMOV 

Using the values of the constants u, B, and C given in Table I and 
taking into account the sixth-order term in the expansion (77) one 
can sufficiently improve the description of the heat capacity in the 
nematic phase and eliminate the jump - 10R in the background. To 
determine the sixth-order coefficent E the amplitude of the anoma- 
lous part of C, was used as an additional initial parameter. The best 
value of E appears to be 0.33.t 

If (for the pretransitianal part of the heat capacity in the isotropic 
phase) the exponent acff is fixed at the mean-field value of a = 0.5, 
one can calculate the bare coherence length &, [see Formula (48)]. It 
appears to be 5.6 A which is in good agreement with the results of 
the light scattering measurements (&, = 6 & 1 8, if one chooses 
u = 0.5 and a = 0.5). As a matter of fact one can determine the 
mean-field value u = 0.5 and a = 0.5 with the same accuracy as for 
the Curie-Weiss law of susceptibility. Both of them are not punctual 
and the scaling relation 2 - a = 3v is not satisfied. At the same 
time the fundamental relation between the susceptibility and the heat 
capacity (see Ref. 85 and Eq. 61) appears to be justified (Figure 14): 

where n is a number of fluctuating modes, n = 5 in the isotropic 
phase. When x-’ = ur Eq. (78) transforms to Eqs. (48). 

The smallness of the coefficient C explains so-called “tricritical 
h y p o t h e s i ~ . ” ~ ~ ~ ~ ~ - ~  Indeed, the NI transition behavior looks like that 
near tricritical points where C = 0. Closeness of the effective ex- 
ponent f3 in Formula (74) to the tricritical value 0.25, obtained in 
many cases, also reflects the essential role of the sixth-order term in 
describing the temperature dependence of the order parameter. 
Therefore the “tricritical behavior” of the heat capacity only indicates 
the necessity of taking into account the sixth-order term in the free 
energy expansion. 

In Ref. 30 the approximation of the susceptibility as well as the 
heat capacity in the isotropic phase of BMOAB by Eqs. (54) and 
(55) was carried out using a unified set of the constant. Peculiarity 
of their adjustment was the negative (and small) value of the coef- 
ficient C. The temperature dependence of the order parameter was 
approximated well with the same constants. However the description 

tThe fifth-order coefficient D was assumed to be equal to zero. D
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 39 

FIGURE 14 Test of the relation (78) between excessive specific heat and suscepti- 
bility in the isotropic phase of BMOAB.= 

of the heat capacity in the nematic phase required another set of 
constants. One should note that in the vicinity of the NI transition 
C@ - E P ,  i.e. the experiment is carried out in the range of crossover 
from the tricritical-like behaviour to the critical or to the usual mean- 
field one. Probably in this range all the terms of the expansion (77) 
beginning with C@ have the same order of magnitude. Therefore 
coordination of all the physical properties could require more and 
more expansion terms, and the description would become especially 
empirical. 

Influence of non-mesogenic impurities to NI transitions 

Additions of impurities to the initial pure nematic leads to broadening 
of the NI transition and appearance of a two-phase region. This effect 
is important from an experimental viewpoint since all real nematics 
contain impurities. The impurities which do not form a mesophase 
usually decrease the NI transition temperature. For small concentra- 
tion of impurities a phase diagram has the form presented in Figure 
15. Depression of the NI transition temperature is connected with D
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AT 

FIGURE 15 
nematic liquid crystal. 

Phase diagram of a dilute solution of a nonmesogenic substance in a 

the width of the two-phase region and the latent heat of the transi- 
tion : 

where PNI is the temperature of the NI transition in a pure specimen. 
The NI transition latent heat in BMOAB was calculated in Ref. 

64 using the parameters of the BMOAB-n-heptane phase diagram. 
'The calculated value AHNJRTNI = 0.12 & 0.02 agrees with the result 
of the.calorimetric measurements AHNI/RTNI = 0.110 t 0.001. 

Phase diagrams at large impurity concentrations (Figure 16) sub- 
stantially differ from that presented in Figure 15. Their form is de- 
termined by two factors: 1) anomalously small values of the coeffi- 
cients B and C in expansion (77), 2) nonideality of the mixture. The 
smallness of B means that the transition is close to a second order. 
In the case of B = 0 nonideality of the solution may lead to the 
appearance of a tricritical point due to the coupling between the order 
parameter and concentration.1° Below the tricritical point the strat- 
ification of the mixture occurs. If the transition in a mesogenic solvent 
is very near to tricritical point (C << l) ,  the phase diagram for a 
dilute solution has the form presented in Figure 17. In the case of 
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41 CRITICAL PHENOMENA IN LIQUID CRYSTALS 

r , K  

34a 

320 

30ll 

280 

I I 1 I 1 

4 2  4 6 40 
s(moC.+i: of aicohole) 

FIGURE 16 Clearing temperatures for BMOAB-alcohol mi~tures:~’ propylalcohol 
(I), isopentylalcohol (2), butylalcohol (3). pentylalcohol (4), dethylalcohol (5). 

C = 0 the width of a t~o-phase-region~~ 

otherwise in the ordinary case 

Ax - x .  

Estimatee7 show that at C - 0.1, the contribution of $-term to 
the phase diagram is the same as the linear one when x - 0.1. For 
understanding the character of the phase diagram of nematic-non- 
mesogenic mixtures one should take into account the nonideality of 
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42 M. A. ANISIMOV 

t’  

FIGURE 17 Phase diagram of a dilute solution in the case of tricritical behavior for 
the pure solvent. 

the mixture, which may lead sometimes to the phase separation in 
the isotropic phase (Figure 18). It is interesting to note that the critical 
behaviour near the liquid-liquid equilibrium critical point in the such 
mixture (a = 0.11ar6’) is equivalent to that in simple fluids. 

5. INFLUENCE OF SMECTIC FLUCTUATIONS TO THE 
PRETRANSITIONAL BEHAVIOUR IN THE ISOTROPIC 
PHASE 

The neighbourhood of a smectic phase has a noticeable influence on 
the pretransitional phenomena in the isotropic phase. This influence 
is manifested in the following effects: 

1) the “background” part of the heat capacity increases when the 
width of the nematic range decreases, 

2) the narrower the width of the nematic range the larger the 
deviations from the Curie-Weiss law for the susceptibility, 

3) the latent heat of the NI transition increases on approaching 
the NAI triple point, though the jump of the nematic order parameter 
does not change essentially. 

These effects are closely connected with the infinite number of 
possible characteristic wavevectors for the smectic density wave in 
the isotropic phase (Brazovskiia). Therefore the divergent contri- 
bution to the entropy and, hence, to the heat capacity appears (see 
Formula 63). The temperature of the divergency TZI lies much lower 
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4 2 4 6 727 
x (moi. fr. of isooctane) 

FIGURE 18 Phase diagram of BMOAB-isooctane mi~ture.~’ T, and x, correspond 
to the isotropic liquid-liquid critical point. 

than the NI transition temperature. So the anomaly (63) can be con- 
sidered as an addition to the background of C, in the isotropic phase. 
Experimenta shows that such an addition really exists. 

Furthermore, the smectic fluctuations in the isotropic phase result 
in the renormalization of the character of the smectic fluctuations 
and change the temperature dependence of the susceptibilityx*M (see 
Section 3). 

The expression (59) for the renormalized susceptibility and the 
expression (61) for the heat capacity qualitatively agree with the 
experiment. What is more, the results of the experiment and calcu- 
lation can be coordinated for each individual case.% However such 
an agreement should not be overstated. The constants included in 
Formulas (59-61) are adjustable when fitting the experiment. One 
cannot be sure that the influence of the smectic fluctuations is the 
only effect that leads to the departures from the Curie-Weiss law for 
the susceptibility and from the root divergence for the heat capacity. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
45

 1
9 

Fe
br

ua
ry

 2
01

3 



44 M. A. ANISIMOV 

Results of the theoretical investigation of the influence of the nematic 
fluctuations on the susceptibility and the heat capacity in the isotropic 
phasem show that the corresponding deviations have the same char- 
acter and the same order of magnitude. Therefore accurate division 
of the effects properly related to the NI transition and the effects 
dependent on the existence of the smectic phase should precede the 
quantitative analysis. Thus for example, Zink and de J e d 9  stated 
their opinion on the basis of the interpretation of the light-scattering 
study in the homologous nCB series that there was no noticeable 
correlation between the departures from the Curie-Weiss law and the 
nearness of the smectic phase. 

In view of this result it was interesting to carry out an experiment 
in a mixture of two liquid crystals. One component should have the 
A1 transition. Thus the possible even-odd effects would be eliminated. 
In Refs. 70-73 the results of the accurate light scattering study of 
6O6NO2-6010, 608-601& 6010-6012 mixtures as well as of pure 
BMOAB, 8CB and 9CB are presented (See Figures 19 and 20). 
Noticeable deviations from the Curie-Weiss law were observed every- 
where (Figure 21). One could merely compare the amplitudes of these 
deviations at the same distances from the transition temperature for 
the different samples.69 But this way is not quite correct. The first 
order character of the NI and, especially, A1 transitions depends on 

- 

I i 
90 

85 - 

7 5 .  

- - - _ _ -  
FIGURE 19 Phase 'diagram of 608-6010-6012 mixtures. 
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I 

Y I I 1 I 

20 40 60 80 601d 80 60 40 20 61 
MoL. % 6013 

FIGURE 20 Phase diagram of 608-6010-606 NO, mixtures. 
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the mixture concentration and, e.g., that is much stronger for -6N0, 
than for 6010. Therefore the different samples in the phase transition 
point are at different distances from the absolute stability limit of the 
isotropic phase. So the effective departures - -  from the Curie-Weiss law 
increase when one moves from 6017 to 606 NO* (Figure 22). More- 
over fitting the temperature dependence of the susceptibility by the 
empirical formula 

where y is an effective exponent which characterizes the curvature 
of the inverse light scattering intensity I, showed that y decreased 
while approaching the transition point. Indeed, there is a suspicion 
that the temperature of the intensity curves over the entire experi- 
mental range of temperature. The data were fitted by Eq. (80) in two 
temperature ranges: 

a) “wide range” was from f = 0.01 up to f = 0.1 
b) “asymptotic range” was f 5 0.01. 

The effective exponent behaviour is shown in Figure 23. The value 
of y in the “wide range” for the liquid crystals with various nematic 
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46 M. A. ANISIMOV 

6 -  

5 -  

FIGURE 21 
crystalline  mixture^.^' 

Inverse light-scattering intensity for the set of liquid crystals and liquid 

ranges changes slightly and it is about 0.9. But the result of data 
fitting in the “asymptotic range” exhibits the influence of the smectic 
phase. The effective exponent y has a sharp minimum close to the 
NAI point for the mixture 606NOJ60m. The effective exponents 
of 8CB and 9CB are close to those of the mixture 606NO2/6Om at 
the same nematic ranges. The value of the scattering intensity at the 
transition points, normalized to the amplitude A is also shown in 
Figure 23. 
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= mx 6 0 6 ~ 0 ~  
2ox6ol6 
dOr.6Ol6 
MX6016 
sor.6016 
loox bold 

1 I I I 

0 0.0s 0.1 1-T. 0.6 t=- 

FIGURE 22 Relative deviations of the inverse light-scattering intensity from the 
lincar I ~ W . ~ . ~ ’  

It characterizes the first-order “power” of the transition. We can 
see from the figure that this value (B) increases rapidly for the AI 
transition upon moving away from the INA point. The experimental 
data for the crystals with narrow nematic range are quantitatively 

FIGURE 23 Effective curvature (circres) of the temperature dependence of the in- 
verse light-scattering intensity and the first-order power (triangles) for the NI and A1 
phase transitions.” Inversed triangles are related to values of y for 8CB and 9CB at 
the same nematic ranges. 
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48 M. A .  ANISIMOV 

described in the framework of the theory of a coupling between the 
nematic and smectic fluctuations.36.38 In Refs. 71-73 the light scat- 
tering data were fitted by the simplified equation (59) taking into 
account the main correction term 

where A = T:l - TiI  
This physically justified equation satisfies the experimental data in 

all temperature ranges. It has an obvious advantage as compared to 
the empirical formula (80) in which the effective exponent y is really 
dependent upon temperature. In Eq. (81) B, determines the mag- 
nitude of the deviations from the linear law while T - T:l + A char- 
acterizes the increase of the curvature upon approaching the transition 
point. The smaller A, the larger the curvature. The evolution of the 
parameter A for the 606N02/60i0 and 6 0 % 6 0 1 ~ - 6 0 ~  mixtures 
is shown in Figure 24. One can note that the region of the small 
values of A corresponds to the small values of y (see Figure 23). It 
is remarkable that negative values of A were obtained for the A1 
transition, which means that the bare absolute stability limit of the 
isotropic phase for A1 transition is higher than that for the NI one. 
Increase of the NI transition latent heat near the triple NAI point 
can also be explained by a change of the character of the smectic 
fluctuations in the isotropic phase as compared to the nematic 
The entropy of the N-phase is lower than the entropy of the I-phase: 

In Eq. (82) Cp is the anomalous (fluctuational) part of the heat 
capacity in the N-phase near the NA transition: 

C, - IT - TNAI-= (83) 

(ASN1)o is a bare entropy jump. The anomaly is absent when 
T > TNI. Quantitative estimates are difficult here since one should 
set the definite form of the temperature dependence of the heat 
capacity related to the smectic fluctuations in the nematic phase and 
choose correctly the upper integration limit To in Eq. (82). This is 
the temperature at which the smectic fluctuation contribution should 
be used up even in lack of the NI transition. The other reason of 
changing the entropy of the isotropic phase due to the Brazovskii 
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A:;; 

-9 - a 
-6 
d -  

- 

mole % 60  iG 

- - - -  
FIGURE 24 (a) The evolution of the bare nematic-smhc gap in the 6010-606N0, 
rnixt~re.’~ - - -  - -  
(b) Effective Curvature for the 608-6010-6012 mixture.? - - 
(c) The evolution of the bare nematic-smcctic gap in the 608-6010-6012 mixture. 
Notations see at Figure 23. 

- - 

effect is apparently less essential since the temperature of divergence 
of the smectic fluctuations in the isotropic phase T:I is much lower 
than TNA. Qualitative (order of magnitude) estimates performed for 
a number of  substance^'^ agree with the experiment. 

6. UNIVERSALITY OF CRITICAL DYNAMICS IN THE VICINITY 
OF THE NI PHASE TRANSITION 

Sound absorption and dispersion are homogeneous functions 

The Ni phase transition belongs to a dynamic universality class dif- 
ferent from that relevant to critical points in fluids. The nematic order 
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H) M. A. ANISIMOV 

parameter is not conserved. The characteristic relaxation time de- 
pends on the susceptibility x and effective “viscosity” q: 

while in fluids the critical relaxation time depends on the space scale: 

T ~ - ~  = 2Dq2 (83) 

q is a wave vector; at q << E - l ,  D = 

Recently the nature of the critical dynamics near the NI transition 
was cleared up in details with the help of acoustic relaxation 
i n v e s t i g a t i o n ~ ~ ~ , ~ ~  (see also Ref. 77). A quantitative agreement be- 
tween dynamics and statics was shown to hold. It is important that 
no assumptions connected with the nature of pretransitional behav- 
iour of the equilibrium properties were used. In particular the tem- 
perature of the susceptibility singularity T* was never used as an 
adjustable parameter. The following questions were posed: 

1) Are there homogeneous functions of variables w (frequency) 
and T (relaxation time) which describe the acoustic relaxation in the 
isotropic as well as in the nematic phase? 

2) Have these functions (if they exist!) a universal form? 
3) What restrictions to the transitional behaviour of the statics are 

imposed with the universality of the dynamics? 

Two substances were investigated, MBBA and BMOAB, because 
accurate heat capacity measurements were performed for them pre- 

viously. Experimental data for sound absorption and velocity are 
presented in Figures 25,26 and 27. Both the excess sound absorption 
and sound velocity dispersion were found to be homogeneous func- 
tions of w and T in the iosotropic as well as in the nematic phase 
(Figures 28 and 29): 

1 - ( U / U , ) ~  = A(T)+~(WT) (84) 

where u, is the velocity of sound extrapolated to w + Q), it is a regular 
function, X is the sound wave length. The dispersion of sound velocity 
and the absorption are determined by the real and imaginary parts 
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I 
m 

X 

X 

X 

* .  

-20 -10 0 10 20 T-G,,K 

FIGURE 25 
notations correspond to f = 1.5, 3.8, 9.4, 15.1, and 20.9 MHz) 

Sound absorption in MBBA near its NI tran~ition:’~ f = &.rr (1-5 
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FIGURE 27 Excess sound absorption in the isotropic phase of MBBA. Slope of the 
dashed line corresponds to the value of y = 0.4 which is nonasymptotic and probably 
should increase up to 0.5 in a high frequency limit. 

of the complex adiabatic compressibility Bs 
2 = uZ, - ASi2 (86) 

where 

Im(ASi2izlut) = a,h/.rr (87) 

In the nematic phase the pretransition absorption and dispersion 
are determined by at least two mechanisms: the relaxation of the 
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MBBA 
+ BMOAB 

4 7  1 10 

FIGURE 28 Universal scaling functions and & for the isotropic phase of MBBA 
(circles) and BMOAB (crosses). The continuous curves represent the Imura-Okano 
functions given by Eqs. (107). 

-- 
I +  I I I I I 

7 70 U Z  4 7 
FIGURE 29 Universal functions and +z for the nematic phase of MBBA (circles) 
and BMOAB (crosses). The scales for +, and +* are shifted relative to one another 
to avoid crossing. 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 55 

order parameter and the relaxation of the order parameter fluctua- 
tions. In the isotropic phase only the fluctuation mechanism exists. 

Mean-field approximation 

In the mean-field approximati~n~~ 

wherex = im 

F,(x) = (1 + x)-1 (go) 

F,(X) = (xn)-y(UX - l)-In - (UX)W] (91) 

The approximate expressions of A,(T) and A,(T), if calculated 
with the Landau-de Gennes expansion (77), have the form 

where g is a constant. 
The first term in the expression (89) is connected with the relaxation 

of the order p a r a ~ n e t e r , ~ ~ . ~  the second is connected with the relax- 
ation of the correlation function and is proportional to the fluctuation 
part of the heat capacity.80 The conditions of the homogeneity are 
satisfied only if the temperature dependence of the functions A,(T) 
and A,(T) is identical. It is easy to see that the forms of the functions 
A,(T) and A,(T) are determined by the fine interplay of the coef- 
ficients of the expansion (77). The identical temperature dependence 
of A,(T) and A,(T) exists only with a special choice of the values of 
the coefficients (e.g. B = C = D = 0). An attempt was made in 
Ref. 76 to bring the acoustic and calorimetric data to coincjdence in 
the nematic phase of MBBA using just the same (as in Section 4) set 
of the coefficients of the expansion (77) with account of the sixth- 
order term: a = 1.4, B = 0.06, C = 0.1, D = 0, E = 0.33, = 
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56 M. A. ANISIMOV 

4 7  7 10 w z. 
FIGURE 30 Results of calculation of the sound absorption functions for the nematic 
phase of MBBA in the mean-field approximation while using Eqs. (89-91, 94 and 
95). Here +, = ImF, and & = ImF,: (1) TNI - T = O.lK, (2) Ts, - T = l.OK, (3) 
A,ImF, for TN, - T = O.lK, (4)A,ImF, for TNI - T = 0.1K. The points represent 
the experimental behaviour. 

36 A.z One can see on Figure 30 that the violation of the homogeneity 
is small and in general is of the same order of magnitude as the error 
of the description of the equilibrium properties. Perhaps taking into 
account the next terms of the perturbation theory and varying the 
new adjustable parameters one can succeed to bring into agreement 
quantitatively all the experimental data including the temperature 
dependence of the order parameter. But this way seems to be rather 
artificial and at least impractical. 

It is not likely that the homogeneity found experimentally for the 
two substances, which is indeed a universal property of the NI tran- 
sition, is the result of a random (and fairly fine) interplay of constants. 
Moreover, it is worth noting the large value of the fluctuation con- 
tribution to the properties of the nematic phase: AJA, vanes from 
0.2 for TNI - T = 15K to 0.33 for TNI - T = 0.1K. At high 
frequencies the fluctuation mechanism is practically the only one, 
because lim-= Fl (x) - x-l and limp= Fz(x) - x-lR. Estimates of 
Ginzburg criterion, made in Section 3, show that in the vicinity of 
the NI transition one could expect the crossover from mean-field 
behavior to critical. 

Dynamic scaling 

Therefore a more natural representation of the experimental results 
can be obtained in the scaling forms1: D

ow
nl

oa
de

d 
by

 [
T

om
sk

 S
ta

te
 U

ni
ve

rs
ity

 o
f 

C
on

tr
ol

 S
ys

te
m

s 
an

d 
R

ad
io

] 
at

 1
2:

45
 1

9 
Fe

br
ua

ry
 2

01
3 



CRITICAL PHENOMENA IN LIQUID CRYSTALS 57 

where 

y = d z  

a and z are the critical exponents of the heat capacity and relaxation 
time correspondingly. 

In the hydrodynamic regime (x  << 1) 

1 
2 

$(x) = +(O) + $'(O)x + -$"(O)x' + .... 

(u: - u2)/u$ = Re(A$/u,) = TY $(O) - $'(O) - 

In the critical regime ( x  >> 1) 

+(x)  = A,x-y 

( ~ t  - u2)/u$ = A,o-" cos (~ry/2) 

a,A/n = A, w-y sin(~ryl2) 

One can see that according to dynamic scaling the asymptotic be- 
haviour of the absorption and dispersion in the hydrodynamic as well 
as in the critical regime is determined by the same critical exponent 
y and in the limit x + 01 the relation of the dispersion to the absorption 
tends toward constant value: 

One can see in Figures 28 and 29 as well as in Figures 27 and 31 
that both predictions of the scaling theory are justified. The value of 
the critical exponent y is near the mean-field result y = 0.5 (Table 
11). The value of the ratio is = 1 & 0.2 for both substances in 
both phases. It is remarkable that the experimental value y = 0.5 is 
near the mean-field prediction while the pretransition behaviours of 
both the heat capacity and the susceptibility do not have the pure 
mean-field exponents (the effective critical exponents y < 1 and 
a < 0.5, see Section 4). 
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58 M. A. ANISIMOV 

7 -  

MBBA 
+ BMOAB 

0 1 2 Logs 
FIGURE 31 Asymptotic behaviour of the critical aplitude of the sound absorption 
in both phases of MBBA and BMOAB in the hydrodynamic regime. Comparing Eqs. 
(85) and (99) one can see that A(T) = J l ( 0 ) ~ y .  

The values of the critical exponents demand the adjustable parameter 
T” for the extrapolation and can be considered to be effective but 
not true. Only the choice of the relaxation time as a scale instead of 
the temperature leads to the discovery of the true exponent behav- 
iour. 

The scaling description seems to be attractive in that at least it 
allows one to avoid the large number of adjustable parameters of the 
expansion (77). It is worth noting only that the critical exponent y is 
close to the mean-field (more strictly to Gaussian) value 0.5. 

Explicit form of functions describing acoustic relaxation (relaxation 
time, critical amplitudes, universal functions) 

- I f  one supposes that the effective “viscosity” in Eq. (82) has the same 
temperature dependence as the shear viscosity: 

where 8 = 4200K, then the relaxation time calculated from the For- 

TABLE I1 

Experimental values of critical exponent y ((’) nonasymptotic values) 

Isotropic phase Nematic phase 

MBBA BMOAB MBBA BMOAB 

WT << 1 (absorption) 0.36 f 0.05’ 0.40 f 0.05’ 0.50 f 0.05 0.50 r?: 0.05 
07 >> 1 (dispersion) 0.45 5 0.10 0.48 f 0.10 0.43 -t 0.05 0.50 2 0.05 
07 >> 1 (absorption) -0.4’ -0.4’ 0.50 t 0.05 0.50 f 0.05 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 59 

R G U m  32 Relaxation times of MBBA and BMOAB near the NI transition. MBBA: 
isotropic phase (Ref. 82’s data ( 1 )  and Ref. 76’s data (2)). nematic phase (3). the 
continuous line is a result of c a l c ~ l a t i o n ~ ~  with the help of the susceptibility data. 
BMOAB: isotropic phase (4), nematic phase (5). 

mula (82), using light-scattering data for x is in good agreement with 
independent experiments in MBBA (Figure 32).s2 The difference 
between the values of the relaxation times of MBBA and BMOAB 
(approximately a factor of 2) was clearly due to the corresponding 
difference in the shear viscosity. 

The pretransitional amplitudes of the absorption and dispersion 
appeared to be proportional to the pretransitional amplitude of the 
heat capacity (Figure 33). Moreover the coefficient of proportionality 
is close to one. The value of the ratio 

g = A(T) (Cp)dSCp (105) 

[(C,), is a regular part (background) of the heat capacity] was cal- 
culated by Imura and Okanaom who followed Fixman= proposed the 
identical anomalous parts in the heat capacities at constant pressure 
C, and constant volume C,. It corresponds to the neglect of the 
dependence of the transition temperature on pressure.sJ Taking into 
account in first approximation the pressure dependence of T N ,  gives D
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60 M. A.  ANISIMOV 

405 

FIGURE 33 Relation between the critical amplitude of the sound absorption and 
the specific heat anomaly. The continuous Lines are the temperature dependences of 
the excess specific heats for MBBA and BMOAB. 

Using the experimental values of the parameters of Eq. (106) [(dPl 
dT) ,  = 1 MPa/K, yo = (C,)d(C,), = 1.2, (dT,,/dP) = 0.35WMPa] 
one can obtain the estimate (with accuracy 10-20%)g = 1 in an 
agreement with the experiment. 

In the isotropic phase the universal functions + 1 ( ~ ~ )  and &(wT) 
follow the prediction of Imura-Okano theory based on the Ornstein- 
Zenike (Gaussian) approximation: 

bl(w7) = ReF,(x) = (y[;+ (1 

In the nematic phase the universal functions &(oT) and &(w) can 
be presented by the following linear combinations of Fl and F2: 

(108) 
&(oT) = mReF,(x) + (1 - m)ReF2(x) 

&(w) = mImF,(x) + (1 - m)ImF,(x) 

where m = 0.75. The value of m is close to the results of the cal- 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 61 

culations in the mean-field approximation but does not depend on 
the proximity of the transition point. It means the identical temper- 
ature dependence of the amplitudes A2 and A2 in the Formula (89) 
and this is an additional argument for using of the scaling approach. 
This scaling approach is compatible with the mean-field (better to 
say Gaussian) dynamic exponent y = 0.5. 

One can remark that the asymptotics of the dynamic scaling func- 
tions allow to make a conclusion about the nature of the order pa- 
rameter dynamic universality cl&. For conserved order parameter 
of critical fluids (density or concentration) y = d ( 2  - a). Indeed 
for investigated critical fluidse4 a = 0.11 and y = 0.06 while in Gaus- 
sian approximation a = 0.5 and y = 1/3. Nematic order parameter 
is not conserved, so y = d z .  In Gaussian approximation a = 0.5 z 
= 1 and y = 0.5. 

7. NATURE OF THE NI CRITICAL PHENOMENA 

Universality of the critical dynamics in nematic liquid crystals as well 
as the character of the asymptotic universal functions allows one to 
state some new opinions on the NI transition. The tensor character 
of the order parameter and, hence, the first-order nature of the NI 
transition is the main reason for the absence of simple power laws 
either mean-field or scaling. Approximation to the divergence tem- 
perature of the susceptibility is limited by the range of temperatures 

T -T*  TNI-T* 
T* T* r=-z - 10-2 - 10-3. 

Experimentalists have only one order of magnitude of temperature 
change for determination of the power laws. Moreover one can not 
be sure that they are the simple power laws connected with each other 
by universal correlations as near a second order phase transition. One 
can give an example of the following analogy with critical fluids. If 
the density of a fluid differs from the critical one, the transition is a 
first order. Temperature dependences of the physical values do not 
follow simple power laws in this case (critical exponents cannot be 
found directly). Nevertheless it is possible to preserve a universal 
description, if one uses the susceptibility or the heat capacity instead 
of temperature as a scale.84 Existence of the cubic invariant in liquid 
crystals wrecks the universal correlation between temperature de- 
pendences of the physical values. Using the relaxation time as a scale, 
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62 M. A. ANISIMOV 

we restore the universality and reveal the true critical behaviour. 
Universality would be also restored if one chose the susceptibility or 
the heat capacity as a scale instead of T - T*. Such a choice of the 
scale was natural for the description of equilibrium properties. In 
Section 4 Figure 14 demonstrated the connection between the heat 
capacity anomalous part and the susceptibility, given by Formula (78). 

One should note that this correlation is correct in scaling theory if 
the small difference of the correlation function from the Omstein- 
Zernike approximation is neglected (see Refs. 84 and 85). So the 
correlation (78) can be considered as an “equation of state” of liquid 
crystals in the isotropic phase near the NI transition. This equation 
of state is apparently universal and does not depend on the micro- 
scopic nature of the departures of the susceptibility from the Curie- 
Weiss law and that of the heat capacity from the root divergence. 
One can expect that there also exists a universal connection between 
the heat capacity and the susceptibility in the nematic phase. This 
assertion requires experimental testing. Though the restored univer- 
sal picture is apparently characterized by the critical exponents, which 
describe the Gaussian fluctuation behaviour , the used approach has 
the scaling form. 

Specificially, in this case there is no need to distinguish the fluc- 
tuation contribution to the anomalies of the physical properties in 
the nematic phase from that connected with the temperature de- 
pendence of the order parameter. It means that account of fluctua- 
tions may not reduce to small corrections. 

One can also state additional considerations concerning the small- 
ness of the Ginzburg criterion for the NI transition and thus the 
existence of the Gaussian fluctuation behaviour. It was shown in 
Section 2 that there are a number of reasons which lead to the weak- 
ness of the first-order nature of the NI transition (smallness of the 
coefficient B). In the mean-field approximation such a reason may 
be biaxiality of mesogenic molecules. On the other hand, the coupling 
of orientational ordering with conformation of the flexible fragments 
of molecules (Formula 23) is the simplest reason for the smallness of 
the coefficient C for the fourth power of the order parameter. The 
real smallness of the coefficient C = 0.1 means the corresponding 
decrease of the Ginzburg number in 100 times. In addition, note that 
the value of the bare correlation length near the NI transition 50 = 
68, is larger (approximately by a factor of 3) than that for the critical 
points of fluids, whereas the average distance between the molecules 
in nematics is only 20-30% larger than such a value in fluids. In the 
mixture BMOAB-isoctane near its critical point 50 = 3A6’ and the 
average volume per molecule does not differ very much from this 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 63 

value in pure BMOAB. In the Ginzburg criterion the ratio vO1"& is 
included in the sixth power. It leads to the appearance of the addi- 
tional smallness in it as compared to the usual liquids. Physically it 
means the existence of the definite long-range interaction when the 
orientational order is formed. If the value 50 in simple liquids, which 
are mainly composed of spherical molecules, is approximately equal 
to the radius of a molecule, 50 in the nematics is apparently deter- 
mined by averaging of the longitudinal and transverse sizes of the 
anisotropic molecules. 

' 

8. EXPERIMENTAL STUDY OF NA TRANSITION 

The character of critical phenomena near NA transition points is not 
yet understood completely. Nevertheless one can note several im- 
portant questions which were reliably examined in past years. 

Specific heat anomaly and the order of NA transition 

Even the more or less simple question about the order of the NA 
transition was a subject of the discussion during many years. Nu- 
merous experiments on various liquid crystals with the help of DSC 
and NMR techniques, investigations of the specific volume as well 
as anisotropy of the refractive index and magnetic susceptibility in- 
dicated that entropy, nematic order parameter, and density had a 
discontinuity at the NA transitions.86T87 These discontinuities seemed 
to decrease with an increase in the width of the nematic range, dis- 
appearing at 

0.10 - 0.15. A = 1 - -  TNA 

T N I  

The value of A = 0.1 - 0.15 is close to the position of the tricritical 
point on the NA transition line predicted by the MacMillan's rnean- 
field m0de1.I~ In that model A,* = 0.13. It is well known, however, 
that the DSC method is essentially nonequilibrium and does not allow 
a correct separation of pretransitional (fluctuation) effects from a 
smeared &function, which is related to the latent heat of the transition 
(see Section 4). Recently performed high-resolution calorimetric 
 experiment^^-^^ show that the latent heat is virtually absent in the 
same liquid crystals as well as in others up to values of A d 0.01 (see 
Figures 19 and 34-36). One should note that the effective critical 
exponent a varies from a = 0.5 near the NA tricritical points to 
a = 0 at A = 0.06. This fact probably manifests the crossover from 
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64 M. A. ANISIMOV 

I SmA 

0,O 4 2  0,b 0,6 0,8 
x(m.fc 10 CB ) 

FIGURE 34 Phase diagram of 8CB-1OCB mixture.g5 Dashed lines are first-order 
transitions. 

the tricritical behaviour to the "helium-like'' one (see Table 111). 
Simultaneously, the heat capacity critical amplitude drastically de- 
creases, so that the anomaly virtually disappears at A = 0.1 (Figure 
37). Hence, one can conclude that the disappearance of the NA peaks 
on DSC thermograms indicated vanishing of the fluctuation part of 
the heat capacity, but not the latent heat. 

One can see that the disappearance of the nematic order parameter 
and density "jumps," quoted above, on the second-order side of the 
NA transition line is related to vanishing of the heat capacity critical 

The singular part of the free energy according to fluctuation theory 
anomaly.74 

is 

where &is the critical amplitude of the heat capacity (SC, = &Id-"). 
Since TNA is a smooth function of pressure, chemical potential and 
other fields, including the field h conjugated to the nematic order 
parameter, the fluctuation parts of entropy, specific volume and con- 
centration (in a mixture) have the form: 
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FIGURE 35 Vanishing of the latent heat on the first-order side of the NA transition 
line in 9CB-IOCB and 8CB-1OCB mixtures.% 
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66 M. A. ANISIMOV 

FIGURE 36 Vanishing of the NA latent heat in ZOlfi-ZOl8 mixture.93 

TABLE HI 

Results of experimental study of NA transition (Refs. 88-91, 102-111, 124). 

TNAKNI a' Y +  v: u i  a+2u,+ull 

60CB-80CB 0.895 1.75 0.73 0.95 
60CIj-80CB 0.898 1.77 0.70 0.93 
- 7S5-gi5 0.904 0.31 0.70 0.72 

7S5-8sL 0.911 1.52 0.68 0.82 
- 7s5-4s5 0.908 1.21 0.67 0.64 

$OCB_-80CB 0.920 1.61 0.61 0.81 
80CB-7S5 0.911 -0.55(0.35) 1.58(1.03) 0.78(0.505) 0.90(0.58) 1.92 

7S5-8S5 0.924 1.45 0.68 0.81 
407 0.926 -0.03 1.46 0.65 0.78 2.05 
8S5 0.936 0 1.53 0.68 0.83 2.19 
CBOOA 0.940 0.15 1.30 0.62 0.70 2.09 
?OK 0.958 0.15 1.31 0.57 0.70 1.99 
6010 + 0.960 0 
- 80CB 0.963 0.2 1.32 0.58 0.71 2.09 
9s5 0.967 0.22 1.31 0.57 0.71 2.07 
8 C B  0.977 0.31 1.26 0.51 0.67 2.00 
- go10 0.980 0.24 
10S5 0.984 0.45 1.1 0.51 0.61 2.08 
9CB 0.994 0.53 1.1 0.37 0.57 1.84 

Tricritical 0.5 1 .o 0.5 0.5 2.0 
Helium analogy -0.02 1.32 0.67 0.67 2.0 

behaviour 

Symbols (+J correspond T > TNA( +) and T C TNA( -). Values of critical exponents 
for 80CB-7S5 mixture (in brackets) are calculated dividing experimental (renormal- 
ized) values by 1 - a.95b 
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67 

- _ _ - - _  
FIGURE 37 Depressing of the NA specific heat anomaly in 608-6010-6012 mix- 
tures while passing from the tricritical point to the NAC multicritical point. 

Therefore the fluctuation parts of all these values, regarded as the 
“smeared jumps,” should vanish simultaneously. 

The reason of the small tricritical value of A is obviously the small 
value of the nematic-smectic coupling constant A in expansion (27),  
since, according to Eq. (29), at C = 0 

The value of the coupling constant A is determined by the de- 
pendence of the NA transition on the smectic order parameter: 
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68 

In mixtures 

M. A. ANISIMOV 

1 and taking into account the value Assuming uN = 1, C, = 1, - = 

of (dTNA/dx) = 0.07 in 8CB-lOCB mixture, one can obtain 

dx 
dQ 

A = 0.07 and Arcp = 5.10-3 

in a qualitative agreement with e ~ p e r i m e n t . ~ ~  
The only exception, manifected the large value AtCp = 0.06 for 7S5 

- 80CB mixture,% supports the proposed explanation of the small 
At- in the other systems. Indeed, the value of dTNA/dx in 7S5-80CB 
is unusually large (28910, and the coupling constant A should be much 
larger as well. 

Sometimes high-resolution calorimetry shows a small latent heat 
for the NA transition (and small two-phase region) in liquid crystals 
for which the second order is firmly established (e.g. in 80CB19.97). 
The most probable explanation of the effect is the influence of im- 
purities.74 Impurity leads to the renormalization of the coefficient C 
in front of the fourth power JI term in the smectic free energy 

where x is a concentration of the impurity. If the constant C is already 
small due to the coupling between nematic and smectic ordering, 
even a small amount of impurity can change the transition to the first 
order one. 

Though the situation around the calorimetric investigations of the 
NA transition seems to be more or less clear, there are some facts 
requiring a more detailed explanation. First of all the nature of the 
zero-like value of the critical exponent a remains discussionable. The 
crossover from tricritical behavior (a = 0.5) to helium-like (a = 
-0.02) seems to be observable (see Tables 111 and IV). However 
one should not forget that the values of a close to zero were sometimes 
obtained near the re-entrant point or near the multicritical NAC 
point. In both these cases the NA heat capacity anomaly vanishes. 
How to distinguish the crossover effect of changing a from the depres- 
sion of C,, anomaly? The situation becomes even more complicated 
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70 M. A. ANISIMOV 

in mixtures where there may be effects of renormalization of the 
critical exponents if measurements are carried out at constant con- 
centration. The heat capacity C, at constant concentration does not 
diverge at the NA transition point in a mixture, and its critical ex- 
ponent is renormalized from a to aR = -dl - a) for a > 0.98.w 
The range of the temperature where a has already been renormalized 
(t << to) can be estimated by following formulaw? 

where & is a critical amplitude of the non-renormalized heat capacity 
(in units of R). Far from reentrant and NAC points the value of 
(dTNA/dr) is small in a majority of cases, and the renormalization is 
not accessible. In the vicinity of re-entrant and NAC points the slope 
of the NA line becomes large and the renormalization must be taken 
into account. The remarkable exception among other systems is 5S5- 
80CB mixture, investigated in Ref. 96b, where because of the un- 
usual value Of dTNA/dr the renormalization a- aR was observed. The 

T(K)  
FIGURE 38 Finite cusp of the renormalized excess specific heat in the nearly 
critical 7S5-80CB mixture.w 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 71 
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FIGURE 39 Character of the NA specific heat singularities in 9CB and 8CB.YU 

finite cusp in C, near the tricritical point (see Figure 38) yields aR 
= -0.93 ? 0.17. Since aR = -d(l - a), this corresponds to a = 
0.48 -+ 0.05. The other discussionable question of the NA critical 
phenomena is the character of the NA tricritical behaviour. The NA 
tricritical point does not look like usual tricritical points. Tricriticial 
points are characterized by a sharp asymetry in the C, anomaly above 
and below tricritical temperature (see, e.g. Ref. 100). Renormali- 
zation group theory predicts the tricritical amplitude ratio &/At 
= 5fi/.rr (see Ref. 10) which obviously contradicts to the NA tri- 
critical behaviour. Experiment (see Refs. 90, 93, Table IV, Figures 
37 and 39) shows that &+ does not differ from A-  so much, i.e. 
there is the unusual large fluctuation part of C, above Ttcp (in the 
nematic phase). What is the reason of the such large fluctuation 
anomaly in the vicinity of the Gaussian point? The question still 
remains open. 
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72 M. A. ANISIMOV 

EVIDENCE OF THE HALPERIN-LUBENSKY-MA EFFECT FOR 
THE NA TRANSITION 

There is another important difference betweeen theoretical predic- 
tions and NA tricritical behaviour. Landau-de Gennes theory predicts 
that the latent heat along the first order side of the transition line 
should be linear function of the distance to the tricritical point, i.e. 
in a mixture 

Results, presented in Figures 35 and 36, show that this prediction is 
not proved in the case of the NA transition. In Ref. 94 there was 
shown that the natural reason of the observed nonlinear behaviour 
of the NA latent heat was Halperin-Lubensky-Ma (HLM) effect.34 
As it was mentioned in Section 3, according to HLM, transverse 
fluctuations of a nematic director should result in a cubic invariant 
in the smectic A free energy expansion and, hence, make the NA 
transition to be a first order. The free energy near the NA transition 
can be written in the following form: 

1 1 1 1 
F - F - - at/$[2 - ?BI+l3 + $+I4 + ;ElJI16 (117) O - 2  

where 

a and C are effective constant, renormalized by the,coupling between 
smectic and nematic ordering, ko = 2 d I  (I is a distance between 
smectic layers), K is the Frank constant. Existence of three different 
Frank constants in a real situation is not very important for a qual- 
itative description of the HLM effect.lol Eqs. (117) and (118) are 
written with neglect of $-fluctuations. Nevertheless such an approx- 
imation might be appropriate in the vicinity of the Gaussian tricritical 
point. 

== 1, a = 1 and k&, = [,/[,, = 1/5 we get B = 
lo-* in the usual situation. One should note that the smallness of B 
is a result of relatively weak coupling of the director fluctuations with 
the smectic lattice. The combination a k z ,  plays the role of the 
amplitude of such coupling. One can estimate the NA latent heat 

Taking 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 73 

with the help of the following formula which is equivalent to Eq. 
(17): 

In the usual situation when C = 1, AHNA/RTNA i lo-'. One can 
see that the NA latent heat, generated by the HLM effect, is inac- 
cessible even to the highest-resolution adiabatic calorimetry, since its 
sensitivity is not better than RT.91*93J02 However, while passing 
along the NA line to the NAI triple point, the values of the effective 
constants u and C change: a increases and C decreases (see Eqs. 28 
and 29). When C = 0 (in the mean-field tricritical point, predicted 
by M~Millan'~ and de Gennes)' the estimate of the NA latent heat 
gives 

Taking a = 1, E = 1 and B 2: one can obtain 

(+Jc0 = 0.02 

i.e., the value which is quite accessible to observation. 

the mixture concentration along the NA transition line, 
Putting into expansion (117) the mean-field dependence of C on 

c = Co(x - x * )  (121) 

(x*  is a concentration of the McMillan-de Gennes tricritical point, 
C, < 0) one can obtain the analytic expression for AHNA(x). One 
should note that if 

- G(x - x * )  >> B2"E"3 (122) 

AHNA along the first-order side of the NA line is a linear function of 
the concentration: 

- -  - a ( x  - x * )  AHNA 
RTNA 
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74 M. A. ANISIMOV 

where 
a = -3aCd8E 

The inequality (122) means neglecting of the HLM effect, so the 
position of the McMillan-de Gennes point and the value of a can be 
found by the linear extrapolation of AHNA(x). One should stress that 
the point x = x* would be tricritical only in the absence of the HLM 
effect. 

If inequality (122) is not valid, the nonlinear universal dependence 
of AHNA(x) follows from the HLM theory: 

where AH:A = (AHNA)c-o given by Eq. (120), the dimensionless 
variable y = aRzA/AH:Ax, TE,and y* are the values of T and 
y at the McMillan-de Gennes point. 

In Ref. 93 and 94 the experimental results of the study of the NA 
transition latent heat in the mixture 601&6012 were presented (see 
the phase diagram in Figure 19). Measurements were performed by 
slow scanning adiabatic calorimetry (see Refs. 91, 93, 102). The rate 
of scanning was Ws. The nonlinear (close to quadratic) de- 
pendence of AHNA(x) was found as well as in Ref. 95 for 9CB-1OCB 
and 8CB-1OCB mixtures (Figures 35 and 36). In Ref. 94 the NA 
latent heats, obtained for 601&601293 as well as for 9CB-1OCB 
and 8CB- lOCB mixtures,g5 were fitted by the universal function (124) 
(see Figure 40). 

The values of the adjustable parameters are: 

a X* AHEA 
6010-6012 1.95 0.482 0.040 
- 

8CB - lOCB 0.99 0.423 0.026 
9CB- lOCB 0.54 0.098 0.019 

It is interesting to note that the linear part of AHNA(x) is absent for 
8CB-1OCB and 9CB-1OCB mixtures since in that case the McMillan- 
de Gennes point (x  = x*) is located too close to the NAI triple point. 

Thus the NA transition with a narrow nematic range is a first order 
one. The order of the NA transition is determined by two reasons: 
the classical McMillan-de Gennes mechanism of a coupling between D
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16 M. A. ANISIMOV 

smectic and nematic ordering and the fluctuation Halperin-Lubensky- 
Ma effect. The first order character of the NA transition for x C x * ,  
which is continuous in the mean-field approximation is, due to the 
HLM effect. As the nematic range increases the latent heat of the 
NA transition decreases and tends to the small but nonzero limit. 
Finally it becomes less than the experimental error. Then apparent 
quadratic dependence AHNA(x), presented in Figures 35 and 36, re- 
veals this tendency, i.e. x = xtcp is not the real tricritical point there. 
At large widths of the nematic range fluctuations of the smectic order 
parameter are essential, and the approach used above may appear 
to be incorrect. 

Correlation properties near NA transitions 

The correlation properties near NA transition points (form of the 
correlation function, longitudinal and transverse correlation lengths) 
were investigated in many works by high-resolution X-ray scattering103- 

and indirectly by light scattering (measurements of elastic con- 
stants).lmJm It was mentioned in Section 3 that in smectics, according 
to the Landau-Peierls theorem,* true long-range order is impossible 
because the fluctuations in layer position diverge logarithmically with 
the sample size. For the heat capacity anomaly this slow logarithmic 
divergence probably is not very important. However, as for the cor- 
relation function, which should vanish algebraically as 

C(r) - rn” 

where q is a small number of order 0.1, it increases slowly while 
passing to the NA transition point. When G(r) decays algebraically, 
t he  Bragg peaks of the X-ray scattering are replaced by power-law 
singularities of the form 

z - (k,, - ko)-2+” 

where ko = 2 d l  is a smectic density wave number, kll is a wave 
number of the X-ray scattering along the smectic wave. Experimen- 
tally it is difficult to distinguish between the 6-function of Bragg 
scattering and the power-law singularity (126), and the very high 
angular resolution is necessary. Such an experiment was performed 
by Als-Nielsen and his  coworker^.'^^-^^ As a result the prediction 
of the Landau-Peierls theory was brilliantly approved (Figure 41). In D
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 77 

FIGURE 41 Intensity profile for X-ray scattering from the smectic A density waves 
in 80CB.'"' The dashed line is the spectrometer resolution function. The solid curves 
are a convolution of the resolution function from algebraic decay of the correlation 
function. 

this connection Litster and his coworkerslm suggested the following 
classification of phase transitions based on existence of two marginal 
dimensionalities of space: the upper marginal dimensionality d* and 
the lower marginal dimensionality do. At d 2 d* fluctuations are 
small and mean-field approximation is correct. At d 5 do fluctuations 
are so large that the long-range order is impossible. The interval do 
C d C d* corresponds to the critical regime, at least in the asymptotic 
vicinity of a transition point. For usual crystallization do = 2, but for 
the one-dimension crystallization in three-dimension smectics do = 
3. For fluids and mixtures near their critical points d* = 4 and do = 
1, therefore at d = 2 and d = 3 the appearance of long-range ordering 
is accompanied by critical fluctuations. It is important that d* = 3 D
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78 M. A. ANISIMOV 

at tricritical points, i.e. a tricritical point is Gaussian in usual three- 
dimensional systems. Incidentally d* = 6 for the first-order NI tran- 
sition due to existence of the cubic invariant in the effective Ham- 
iltonian. (The value d* = 6 is too far from d = 3, therefore it is 
impossible to apply E = (d’ - d)-expansion method for description 
of the NI transition). 

Let us return to the NA transition. In all investigated systems the 
correlation length tI1 and t1 increase while approaching the NA tran- 
sition point (Figure 42), but t1 < ell .  If one fits the correlation lengths 
by the simple power laws, 

the value of uII  appears to be often close to “helium” value 2/3, 
meanwhile the value of u1 is always less (see Table IV). One can not 
say that the situation here is quite clear. One should note that there 

RE- TEMPERATURE (I - T/T& 1) 

FIGURE 42 Susceptibility ( x )  and the correlation lengths of smectic A fluctuations 
in the nematic phase’of 4O8.l2 Unfilled circles are X-ray scattering data (b = 0.222A-I). 
Filled circles are the values of t& deduced from light-scattering measurements of the 
divergence of the nematic bend elastic constant. The solid lines are power-law fits 
with the exponent uII = 0.70 and v I  = 0.58. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
45

 1
9 

Fe
br

ua
ry

 2
01

3 



CRITICAL PHENOMENA IN LIQUID CRYSTALS 79 

FIGURE 43 Effective bare correlation length in 60CB-80CB mixture.’“ 

are such rough effects as an increase in hI1, uI1 and y with an increase 
in the nematic range in 60CB-80CB mixture18J06 (Figure 43 and 
Table IV). This can be explained by the proximity of the re-entrant 
point which occurs at TNAJrNI = 0.88 in this mixture. At the re- 
entrant point the critical exponent should be doubled, meanwhile in 
its proximity all the values are effective due to crossover phenomena 
(see Section 3). Near the NAC multicritical point there are another 
effect: reducing 50,. Both these effects may interfere, confusing the 
picture. Without taking such effects into account, there is no sense 
to discuss more delicate theoretical questions such as distinctions 
between “helium analogy” and anisotropic fixed point. It is remark- 
able, however, that the anisotropic scaling relation between the ef- 
fective critical exponents, 

is valid (see Table IV). Moreover, there is a constant product 
A&ll& for the effective heat capacity critical amplitude A, and the 
bare correlation lengths (two-scale-factor universality). 

At large nematic ranges it is noticeable a tendency towards the 
violation of Eq. (130). In the re-entrant region the critical exponent 
are doubled and this relation should be modified: 
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80 M. A. ANISIMOV 

where all the critical exponents are effective. Virtually, there is cross- 
over from the behaviour (130) to the behaviour (131). 

9. EXPERIMENTAL STUDY OF AC TRANSITION 

In all the studied systems the AC transition appeared to be a second 
order. In the most of the latest works it is confirmed that experimental 
results are well described by the mean-field theory. Thus in Ref. 110 
the mean-field value of the critical exponent p, which characterizes 
the temperature dependence of the tilt angle in a C-phase, was clearly 
demonstrated (Figure 44). The best value of p was 0.47 ? 0.04. Light 
scattering study"' of the same liquid crystal (8S5) has led to the 
following results: y = 1-10 & 0.12, = 13.5 ? 2A and 50, = 21 
& 9A. Large values of the bare correlation lengths result in the 
validity of the mean-field approximation (Ginzburg number is about 

Specific heat experiments are also in agreement with the mean- 
field theory, however the sixth-order term in the free energy expan- 
sion should be taken into account (see Refs. 112-114 and Figure 45). 
Physically it may signify the proximity to the tricntical point. Besides 
the fluctuation addition to the mean-field jump of the AC specific 
heat was reported in Refs. 91-93 (see below). 

It is quite easy to understand the microscopic nature of the validity 
of the mean-field approach in the vicinity of the AC transition. Tilt 

10-5 - 10-6). 

" 0,6 T-GC,K 
- 0,6 -0,z 0 0,2 

FIGURE 44 Temperature dependence of the mean molecular tilt and susceptibility 
of 407  near the AC transition.1m 
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-0,s -0,z 0 0,z 46 T - G C , K  

Specific heat near AC transition in 407.'09."4 Continuous line corre- FIGURE 45 
sponds to the mean-field approximation. 

of molecule in a smectic layer is carried out on the whole molecular 
length and with many other molecules simultaneously. It corresponds 
to the large values of the bare correlation length and bL. 

10. NATURE OF A NAC MULTlCRlTlCAL POINT 

Since a NAC (nematic-smectic A-smectic C) multicritical point was 
discovered e~perimentally"'*"~ significant efforts both of the 
t h e o r i ~ t s " 3 ~ J ~ ~ J ~ ~  and were made for 
understanding the nature of this phenomena. The description of the 
NAC point as a Lifshitz point" implies the first order character of 
the NC transition as result of the tilt fluctuations in the nematic phase 
(see Section 3), furthermore the NC latent heat has to disappear at 
the NAC point.41 This prediction has been supported by experi- 
ment.91.119.120 However, there were important disagreements between 
the observed experimentally phase diagram topologies. In the mean- 
field models with the director tilt depending on the existence of the 
smectic ordering,16*20 the NA and NC lines are continuous at the 
NAC point while the AC line is coming in obliquely. The previously 
observed phase d i a g r a m ~ " ~ J ~  seemed to have an opposite behaviour: 
the AC and NC lines were continuous, while the NA line approached 
the NAC point obliquely. Furthermore accurate study of several 
~ y s t e r n s ' ~ - ' ~ ~  have shown that there is the universal NAC topology 
which is in evident contradiction with any mean-field theory (Figure 
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82 M. A. ANISIMOV 

46). All the lines, converging in the NAC point, have nonanalytic 
character. It can mean the fluctuation nature of the NAC point. 

A comprehensive study of the phase diagram and the phase tran- 
sitions in the vicinity of the NAC multicritical point in the %S-8OCB 
mixture has been recently performed by Martinez-Miranda, Kortan 
and Birgeneau'= with the help of the high-resolution X-ray scattering. 
They found that the smectic fluctuations near the NAC point were 
well described by the Lifshitz-point model. The universality of the 
NAC topology was also confirmed. One can conclude that the NAC 
phase diagram is described by the following equations: 

T N A  - TNAC = ANA(x - XNC)+ + B(x - xNAC) (132) 

1 

n 

1-02 0.2 t - .  
I :  

t- N 
_ _ - _ _ . _ _ _ _ . _ _ _ _ _ _  1 - - - - . - - - - - - 

0 1  C 

: (4 DATA SETS) 

- 2  - 1  0 1 2 
X-X NAC(MOL E "10) 

FIGURE 46 Universal topology of a NAC rnulticritical point.'= Data'" for the phase 
diagrams of four binary systems are sh'own together after suitable normalization. 

- 1  t 

-2  1 .  ' . - ' ' - ' " L . L  
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 83 

where + = 0.5 - 0.6, +AC = 1.5 - 1.6.1p-124 A NA? and AAC 

are not universal. There is no theory of such universality until now. 
In this connection it is important to consider the result calorimetric 

study of the NAC point and to compare it with the results obtained 
by different techniques and in different systems. In Refs. 91-93 the 
results of the first high-resolution adiabatic calorimetry study of the 
NAC point was reported. The 608-6010 mixture was investigated. 
One can note on the phase diagram of this mixture (Figures 1 and 
47) the peculiarity on the NI transition line at the concentration 
corresponding to the NAC point. 

Let us consider separately the phase transition lines converging in 
the NAC point. 

- - -  

NC transition line 

NC transitions are first order ones (compare Figures 48a and 48b). 
The NC transition heat decreases while approaching - -  the NAC point. 
Whereas the NC latent heat in the pure 6 0 8  is about 0.1 RTN,, in 
the mixture containing 0.325 mol. fr. 6016 it is only 4.10-4 RTN,! 
Such a “paltry” latent heat becomes noticeable only when the slowest 
scanning rate is used (Figure 49a). Otherwise the transition looks as 
a second order one (Figure 49b). The change of the concentration 
only in 0.1% leads to the second order transition within the limits of 

- _._ 
FIGURE 47 NI transition line and the NI transition entropy of 608-6016 mixture. 
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84 M. A. ANISIMOV 

5 88,9rC 89,OrC T,"C 5 71,36 77,37 T,"C 
-- - 

FIGURE 48 NI(a) and NC(b) enthalpy in 0.306 rno1.fr. x010/608 mixture. The rate 
of scanning is 5.3-10-' KJs. 

the experimental accuracy (Figure 50). The concentration depend- 
ence of the NC latent heat can be fitted by a power-law formula: 

AHNC - (XNAC - 4+ (135) 

with JI = 0.84 -+ 0.02 (Figure 51). The extrapolation of the NC latent 
heat to zero value gives the NAC point position between 0.325 and 
0.326 mol. fr. 6016. Of course, the nonobvious assumption that the 
point of the NC latent heat disappearance and the NAC point are 
identical has to be made (see also Figure 51). 

The results of the heat capacity measurements near the NC tran- 
sitions for two samples (pure 608 and the closest to the NAC point) 
are shown in Figure 52. The heat capacity anomaly can be qualita- 
tively explained within the framework of the Landau-de Gennes the- 
-ory with a negative coefficient at the fourth-order term in the free 
energy expansion (see Section 2). Fit by the formula 

- -  

C 2 = &[l(d + to)-a - 11 + A, + Azt + A# 
R (136) 

- -  
was good for the pure 608, when the value of a = 0.5 was fixed and 

was taken as adjustable parameter, which appeared to be about 
One can see, however, from Figure 52 that fluctuation correc- 

tion to C, in the nematic phase of the pure 608 is noticeable. There- 
fore a more attentive analysis is probably necessary (see also Ref. 
%a). 

Close to the NAC point the NC latent heat becomes extremely 
small. In 0.324 mol. fr. 6018 mixture it is about RT,,. According 

- -  
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A 
H ( T ) -  W T O )  ( J )  

29.1G3- ( b )  

* 
T (TI To 71.669 71.679 

- - -  FIGURE 49 NC enthalpy in the immediate vicinity of the NAC point of 608-6018 
mixture (0.325 rnol.fr. 6018): a) the rate of scanning is 2.2.10-6Ws. b) it is 1.4.10-5 
WS . 

to formulae (38) and (40) it means that C = -2.10-3 and to = 4.10-' 
at u = E = 1. So one would think that the heat capacity should 
manifest a tricritical behaviour. On the contrary, the fit with fixed 
a = 0.5 was not good anywhere in the vicinity of the NAC point. 
The better fit was obtained by the crossover formula 

C 
>'= &[(It1 + 11 - 1) + Al + A,t + A3t2 (137) R 

The value of ro appeared to be of several orders more than the pre- 
vious one and a = 0.4-0.5. This fact as well the nonlinear AHN&) 
dependence may correspond to the nonlinear shape of the NC line 
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86 M. A. ANISIMOV 

- FIGYRE 50 
6010). The rate of scanning is 1.4.10-6Ws. 

NA enthalpy in the immediate vicinity of the NAC point (0.326 rnol.fr. 

in the immediate vicinity of the NAC point (see Figure 53). In the 
nematic phase of the TS5-80CB mixture above the NC boundary, 
there found the Lifshitz line along which the fluctuation change from 
being SmA-like to SmC-like and L,  = OIZ4 (see Sections 2 and 3). 
The Lifshitz line appeared to be a natural prolongation of the AC 
transition line (Figure 54). Near this line the unusual behaviour of 
the correlation lengths occurred. Hardly noticeable on Figure 52 
smeared maximum C, in the nematic phase close to the NAC point 
might correspond to these effects. 

AC transition line 

The results of the heat capacity measurements near the AC transi- 
t i ~ n ~ l - ~  are shown in Figure 55. Data of only two samples of the 
608-6018 mixture are represented as examples. Like in the case of 
the NC transition the fit by formula (136) with a = 0.5 was not good 
in the vicinity of the NAC point. The best value of a is about zero at 
b = 0. Using the crossover formula (137) one can obtain a good fit 
with a = 0.2-0.4 and to = Thus the C, behaviour appears to 
be more complicated than the mean-field prediction. It seems strange, 
incidentally, that the tilt behaviour is in a good agreement with the 
mean-field theory (p = 0.5) for %i%SOCBN mixture even in the 
immediate vicinity of the NAC point!).lz4 The reason of such discord 
is not yet clear. 

- - -  
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- I  - 

-2 - 

-3 - 

a7 

to9 

6 

P 

0 

- a  
6 

0 
I I 

u. 25 0.30 f 0.35 0 

30 

?O 

10 

0 
3 

(*  
0. 

/* 

s Lope 0.84 
J” 

/’ 
/* 

-4 -3 -2 - I  0 
FIGURE 51 a) NC transition entropy and heat capacity jumps near the NAC point. 
b) Fit of the NC transition entropy by the power law (135). 

NA transition line 

Near the NAC multicritical point the N A  transitions are second order. 
Furthermore there is a drastic decrease of the heat capacity anomaly 
upon approaching the NAC point (see Figure 37). Therefore it is 
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!k 
R 

170 

150. 

I30 

- 

.* 

t *  

.. . 

W" n 

N 

-5 - 4  -3 -2  - I  0 I 2 3 
T-T,c,'C 

'"L * s m c  . . I . . . 

nGlJBE-52 Heat capacity near the NC transition in the pure ZOg (crosses and 0.325 
6010/608 mixture (dots). 

difficult to know the exact shape of the NA line in the immediate 
vicinity NAC point using the calorimetric technique. The other 
r n e a ~ u r e r n e n t s ~ ~ ~ - ' ~ ~  show that there is a vertical slope of the NA line 
there like in a re-entrant point. Some questions arise with this issue: 
how to distinguish the effects of doubling critical exponents, their 
"Fisher renormalization" and the probable crossover from Gaussian 
behaviour to critical? What values of critical exponents are true? Even 
the best critical exponent data, recently reported in Ref. 124, do not 
give the answer. 

Alternative universality of a NAC point topology 

Voronovlzs recently suggested the alternative variant of a NAC point 
universal topology. He assumed that there should be equal critical 
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71 . 
0.31 0.33 0.35 

x ,mo!.fr. Eon 
- - -  

FIGURE 53 Phase diagram of 608-6016 mixture in the vicinity of the NAC point. 

FIGURE 54 Lifshitz line (LL = 0) in the immediate vicinity of the NAC point of 
TS5-80CB mixture. lZ4 
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Sn C Sm A 

-.- 
-5 -4 -3 -2 - I  0 I 2 

T -TAC , 'C 
-- - 

FIGURE 55 Heat capacity near the AC transition in 0.376 m_ol.fr. a101608 (dots) 
0.48 rnol.fr. 301&~08 mixture (crosses), and in the pure 6012  triangle^).^' 

_. . 

exponents of NA and AC lines, i.e.: 

The NC line exponent +NC should be independent. The result of 
fitting TNA - TAC for different systems is shown in Figure 56. The 
nonuniversality of amplitudes A was eliminated by appropriate nor- 
malization procedure. The slope corresponds to the universal expo- 
nent + = 0.67 _+ 0.03. The obtained value of + allows to deduce the 
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CRITICAL PHENOMENA IN LIQUID CRYSTALS 91 

FIGURE 56 Fit of T,, --TAS for seven liquid crystalline systems_by Eys. (138) and 
1139): al-5016 (dots), 601GHOPBPOCPC (filled squares)’= 7S5-9S5 (pluses), 
SOl-XC (triangles), 7.55-XC (circles), 7 one-8OCB (unfilled squares)lD 7APCBB 
(crosses).’23 

“base-line’’ B(x - xNAC) and obtained the value of +NC. The fit of 
NC lines by the formula 

is represented in Figure 57. One can see that the exponent C$NC is 
also universal. The proposed universality allows to avoid some con- 
tradictions mentioned above: 

1) In the new NAC point topology all transition lines are “contin- 
uous” since C$ < 1 and C$NC < 1. AC line is a prolongation of NC 
line in accordance of the heat capacity behaviour. 

2) The value of the universal exponent +NC = 0.87 ? 0.04 coin- 
cides within the limits of experimental error with exponent of the NC 
latent heat dependence (I) = 0.84 k 0.02). The universal phase 
diagram for various systems is shown in Figure 58. The axis A = 0 
is the base-line of the proposed in Ref. 125 universality while the 
base-line of the universal topology, suggested in Ref. 122, is the 
dashed lne. Both of the proposed universal topologies are in agree- 
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FIGURE 57 Fit of NC Lines for the Seven systems by Eq. (141). Notations see at 
Figure 56 caption. 

(16 0 

c+ 
l? 

0 
+ 

1 
4 -1 0 i 2 3 

x - xwc ,mot. % 

FIGURE 58 Universal NAC phase diagram.'= Notations see at Figure 56 caption. 
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ment with experiment. Indeed, one may agree with the authors of 
Ref. 124, saying about the NAC problem: “The principal issues a p  
pear to be on the theoretical front.” 

11. CONCLUSION 

All the main types of critical phenomena are also inherent to liquid 
crystals: mean-field behaviour near AC transition, large fluctuations 
frustrating long-range order in smectics, fluctuations driving NC and 
NA second-order transitions to first order, crossover from tricritical 
behaviour to critical on NA transition line, etc. 

Though many questions still remain unanswered (the nature of the 
NA transition being the most important among them), it is undoubt- 
edly clear that liquid crystals may be successfully included in the 
universal picture of the physics of critical phenomena. 
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